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PEEFAOE. 



In this short work there are presented such parts 
of Plane Trigonometry as are required for the course 
of Mathematical study in the Undergraduate Academi- 
cal Department of Yale College. 

In preparing the work, it has been the main pur- 
pose of the writer to make the subject plain to begin- 
ners, and especially plain to that class of students to 
whom Mathematics are distasteful. For this purpose, 
a great deal of space has been given to the considera- 
tion of the elementary definitions. For this purpose, 
also, the definitions have been applied to acute angles 
and to obtuse angles separately, and, after the student 
is thus made familiar with them, have been extended 
to angles of any magnitude. It has been hoped that, 
in this way, even the non-mathematical mind might be 
easily prepared for a clear understanding of this im- 
portant and interesting subject. 

It is not necessary that all the chapters should be 
taught in the order in which they have been written. 
For instance, Chapter VIII., with the exception of 
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some of the examples, might be given to the student 
immediately after Chapter 11. 

In the solution of numerical examples by logarithms, 
six-place tables have been used. 

The references are to Todhunter's "Euclid" and 
to Chauvenet's " Geometry." 
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ELEMENTS OF PLANE TRIGONOMETRY. 



CHAPTER I. 

SOME INSTRUMENTS USED IN DRAWING. 

For the right representation of the magnitudes of 
which Trigonometry treats, the following instraments 
will be found useful : 1. A pair of dividers or com- 
passes, having one leg to which can be adjusted a pen- 
cil, or, if necessary, an ink-point ; 2. A plane-scale. 

One of the simplest scales, and one which is suffi- 
cient for all ordinary drawing purposes, is six inches in 
length, and is made of ivory or of box-wood. It con- 
tains a line or lines of chords, and also lines of equal parts, 
of wiich the xmits are of different lengths. 

(a) A line of chords is used for setting off angles. 
It consists of a line, marked from 10® to 90°, and con- 
tains the chords of all arcs from 1° up to 90°. As the 
chord of 60° is equal to radius (Euc. 16, lY. Cor. Ch. 
5, Y.), when we wish to lay down an angle of a given 
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number of degrees we describe a circle, from a given 
point, with a radius equal to the length of the line 
measured from the beginning of the line of chords to 
the division marked 60 ; then taking the chord of the 
number of degrees whose angle is required as a radius, 
we place it in the circle. If the extremities of the 
chord be joined to the centre of the circle, the chord 
will subtend the angle required. 

Thus, suppose at a given point in a given line we 
wish to make an angle of 25°. 

Let -A be the given 
point in the given line A C, 
Sit which it is required to 
make an angle of 25°. 

From the line of chords 
we take a chord of 60° as 
radius, and with it, from A 
as a centre, describe an arc BD. Then from B as b. 
centre, with the line J?i^, as a radius, equal to a chord 
of 25°, taken from the same line of chords, we describe 
an arc intersecting the former arc at JP. Join BJ^smd 
A F. Then FA B is an angle of 25°, since it is at the 
centre of the circle, and subtends an arc of 25°. 

If it is required, at a given point, to make an ob- 
tuse angle of a given number of degrees, we produce 
the line through the given point, and make an angle on 
the line produced equal to the supplement of the given 
angle. 

Thus let it be required to make an angle of 100° 
at the point A in the given line A B. 

Produce the line A B through A, Make A C equal 
to a chord of 60° taken from the line of chords. From 
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A as centre, with AC 2^% radius, describe an arc GE, 
From G as centre, with a radius GE^ equal to a chord 
of 80®, taken from the same line of chords, describe an 
arc cutting the former arc at E. Then G AE\& an an- 
gle of 80°. But as the angles GAE^tA EA B are to- 
gether equal to two right angles, or 180°, EA B is equal 
to 100°. 

Also an obtuse angle of a certain number of degrees 




can be made by making two adjacent acute angles, the 
sum of which is equal to the given obtuse angle. 

(Angles of a certain number of degrees and miniUeSy or degrees, 
minuteSy and seconds^ can be made only approximately correct by the line 
of chords.) 

(b) A Ime of equal parts is used for drawing lines 
of a given length, one of the equal parts being taken 
as the unit, or as ten units, or as a hundred units, if 
the line is measured on the decimal system. Lines of 
equal parts are also given, by means of which feet and 
inches can be represented. The unit is then divided 
into twelve equal parts. 

To obtain hundredths of the unit on the plane- 
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scale a device is adopted which will be understood by 
the following figure : 




In the above figure, which represents a part of a 
plane-scale in which the unit of measurement is an 
inch, let 7? aS' be a square of which each side is an inch. 
Let -ffTbe divided into ten equal parts, J?aj, aj2, etc. ; 
also let ES and ST \>q divided into ten equal parts. 
Through the points of division of ST let lines be drawn 
parallel to -Z? T or ES, Let a straight line be drawn 
from H to the first point {F) of division in the line 
ES. Let a? A be drawn from the first point of li T to 
the second point of ES^ another line be drawn from 
the second point oi H T to the third point of ES, and 
so on. 

Since Hx, a? 2, 2y, etc., are equal and parallel to 
EEy KL^ etc., RF^ xK^ 2 Z, etc., are parallel (Euc. 
33, 1. Ch. 32, I.). Therefore, the distances on the 
parallels to i? T^ through 1 and 3, etc., intercepted be- 
tween any two consecutive lines, is equal to the dis- 
tances on the same parallels between any other con- 
secutive two (Euc. 34, I. Ch. 30, L), and each of these 
distances is equal to -^^ of an inch. 

Again, in the triangle REF^ since a J is parallel to 
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T-y 7-» 1 /> ^^ ltd 1 

EFy we have, from similar triangles, -=-=v = ^^= Tk\ 

EF 

therefore a5 = — ; bat EF= -^ of an inch; there- 
fore ah = r^ of -^ oi slul inch, or yj-^ of an inch. 

In a similar manner it can be proved that CD equals 
yl-g- of an inch, OF equals -j-f^ of an inch, etc. 

If, on the left of the figure, we take U F equal to 
i inch and divide it into ten equal parts, and divide 
W4: into ten equal parts, and draw a line from V to 
the first point M of TTi, another line from the first 
point of UVto the second point of W4:, and so on, we 
can prove ffh equal to yj^j- of i inch or tj-J^ of an inch, 
and rs equal to yf^ of J inch or yj^ of an inch, etc. 

Suppose, now, we are required to represent a straight 
line of 125 feet, on the scale of 100 feet to the inch. 

We draw any line AB ; then placing one point of 
the dividers at Oy on the plane-scale, and bringing the 

other to the point A, ^ ^ 

the intersection of the ^ 

two lines 5 5 and 2 Z, we lay oS on AB a line A C 
equal to OA. Then A C is the required line, as it is 
equal to 1 inch and -^-^-q inch, or to m of an inch. 

The two instruments described above are all that 
are necessa/ry for drawing lines of a given length, or 
laying down angles of a given number of degrees. 
The following, however, are very convenient instru- 
ments : 

A protractor J for laying down angles, and r parallel 
ruler for drawing parallel lines. 

A protractor is a semicircle, usually of brass or 
some other metal, a part of the semicircle being cut 
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out, as the part BCD. The outer rim left is divided 
into degrees, and sometimes into half degrees or even 
smaller parts, the lines of division all converging to a 

notch {A) on the di- 
ameter of the semi- 
circle. The degrees 
are numbered from 
both left to right and 
right to left, from 10° 
to 170°, or from 10° to 
90°, as in the figure. 
At a given point in a given line, to lay down an 
angle of a given number of degrees by means of the pro- 
tractor, place the notch, J., at the given point, and the 
line F E coincident with the given line. Then put a 
dot, or point, opposite the giVen number of degrees, 
on the outer or inner edge of the protractor. A line, 
drawn from this point to the given point, will make 
with the given straight line the required angle. 




B- 




A parallel rule consists of two rules joined to- 
gether by two pieces of metal of equal length, at equal 
distances apart. 

To draw a line through a given point parallel to a 
given line, place one edge of one of the rulers coinci- 
dent with the given line, and one edge of the other 
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ruler on the point, and draw the line through the given 
point. It will be parallel to the given line. 

Thus, suppose A to be the given point and B C the 
given straight line. Make the edge of the ruler, J9, 
coincide with B (7, and place the edge of the rule, E, 
on the point A, A line drawn through A will bo 
parallel to B C. 

The parallel line might also have been drawn by 
placing the upper edge of E on the point, or by placing 
the lower edge of D coincident with the given line B G, 

Example 1. Draw the right-angled triangle of which the hypotenuse 
is 236 feet, and one acute angle is 30°, and find by measurement the base 
and perpendicular. Ans, Perpendicular = 118 ; base = 204, nearly. 

2. Draw the triangle whose two sides are, respectively, 120 and 80, 
and the included angle 42°, and find by measurement the third side. 

Ans, 81, almost. 

3. Draw the right-angled triangle whose sides about the right angle 
are each 345, and find by measurement the h3rpotenu6e. 

4. Draw the triangle of which one side is 421, and the adjacent an- 
gles are 35° and 72°, and find by measurement the other sides. 



CHAPTER II. 

PLANE TEIGONOMETEY. — ^DEFINITIONS. 

Aeticle 1. Teigonometby is that branch of mathe- 
matics which treats of angles^ the relations of different 
angles to each other ^ and the relations of angles to lines, 
surfaces, and solids. 

3. In Plane Trigonometry the angles considered 
are such as are contained by straight lines, and the sur- 
faces considered sltb plane surfaces. 

3. The Trigonometrical Ratios of an angle ar^ 
ratios between the sides of a right-angled triangle, in 
which, or with respect to which, the angle has a certain 
position. 

The right^ngled triangle is called the triam^le of 
reference. It is formed by the lines containing the 
angle and a perpendicular to one of the lines, or to one 
of the lines produced, drawn from any point in the 
other line. 

The trigonometrical ratios are six in number. 

4. "We will first consider the trigonometrical ratios 

of an acute angle. 

Let A be any acute 
angle, formed by the two 
lines A E and A F, meet- 
ing at the point A. 

\vlAE take any point 
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Cy and from C draw C B B,t right angles to A F. 
Then there is formed the right-angled triangle AB C^ 
the tricmgle of reference. In this triangle, calling CB^ 
the side opposite the given angle, the perpendicula/Tj 
and A By the side adjaoent to the given angle, the 
lose — 

(1.) The Sine of an angle is the ratio of the per- 
pendicular to the hypotenuse. 

Thns, Sine of A (written sin. -4) = -— ^ 

(2.) The Tangent of an angle is the ratio of the 

perpendicular to the hose. 

B C 

Thus, Tangent of A (written tan. -4) = -j-^. 

(3.) The Secant of an angle is the ratio of the hy- 
potenuse to the la^e, 

A C 
Thus, Secant of A (written sec. A) = -r-zy 

AB 

(4.) The Cosine of an angle is the ratio of the lase 

to the hypotenuse. 

Thus, Cosine of A (written cos. A) = -tTi' 

A C 

(5.) The Cotangent of an angle is the ratio of the 

hose to lihQ perpendicular. 

Thus, Cotangent of A (written cot. A^ or cotan. A) 

AB 

" BC 

(6.) The Cosecant of an angle is the ratio of the 

hypotenuse to the perpendicula/r. 

A C 

Thus, Cosecant of A (written cosec. A) = ^7^. 

5. If we take as the acute angle, AB ab the per- 
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pendiciilar, and B C b,s the base, we shall have sin. C 

AB ^ ^ AS . ^ AC ^ ^. 
= -T-z,. tan. G = -^TT^j and sec. C = -p—i^ JN ow, G is 
AG BG B G 

the complement of A^ as their sum equals 90°. Com- 
paring the cos. A with the sin. (7, it will be seen that 

A J^ 
they are identical, both being -jyy. Also, tan. G is 

identical with cotan. A^ and sec. (7 with cosec. A. The 
cosine of an angle is, therefore, the sine of its cmajple- 
menty the cotangent of an angle the to/agent of its cewi- 
jplement; and the cosecomt of an angle the secant of its 
comjplement; so that the six trigonometrical ratios of 
an acute angle are really composed of three ratios be- 
longing to that angle, and three ratios belonging to its 
complement. 

6. The Trigonometrical Katios, for eacJi acute am.- 
gle^ are constant ; i. e., are the same for the same or 
equal angle, in whatever right-angled triangle it is 
situated. 

Let A represent any acute angle formed by the two 
lines A E and A F^ meeting at A. Make AB G the 

triangle of reference. 
From B draw BD 
perpendicular to A (7, 
and from Z>, where 
BD meets A 6> draw 
a perpendicular 
BRtoAB. 

In triangle J. Z^^ 
BG 




DH 



sin. A = -r^/ in triangle AB G, sin. A = -— .- 
A JJ A C/ 



y^ 



and 
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R T) 

in triangle AB D^ sin. A = — ^ (1 Art. 4). But 

ff = f|(Euc.4,VI. Ch.4,IIL) = j| (Enc. 8, VL 

Ch. 13, m.). 

The angle A = D£C (Enc. 8, VI. Ch. 13, III.) = 

BJ)R(Euc. 29, 1. Oh. 13, 1.). Sin. DBC= ^ = ^ 

Jj AC/ 

= sm. A. Also, sm. BDH^ ^rr; = "T^^ = "i"Tv 

BD AB A C 

= sin. A. 

In triangle AD H^ tan. A = -j— ^/ ^° triangle 

AB Cj tan. J. = -j-zr / and in triangle A B D^ 

AB 

, BD „ DE BG BD 

Also, tan. D B C = -r-^r = -7-=; = tan. A ; 

DB AD 

^ „^^ HB BD HD ^ . 
tan. 5^2)5 = -^ = ^-^ = ^-g.= tan. ^. 

In triangle ADH^ sec. A = -j^/ in J. -ff C, sec. J. 

= -7-z: ; and, m AB D. sec. A = -7-^. I3ut — -zr. 
AB^ AD All 

AC AB 

"AB^AD' 

.. ^^^ BC AC A A 

Also, sec. DBC= -z=rr=^ = -7-= = sec. A : and 

BD AB 

^j.^ BD. AB . 

sec. HDB = T=r-=r = -r-rr = SCC. ^. 

ED AD 
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In a similar manner it may be proved that the 
ratios for the cosine, cotangent, and cosecant of the 
same or equal angle are constant. 

7. The Sine and the Cosine, of an acute anglsj are 
always less than 1. 

The sine being equal to the ratio of the perpendicu- 
lar to the hypotenuse of the triangle of reference, in 
the fraction expressing that ratio the numerator is 
always less than the denominator, and therefore the 
value of the fraction is less than 1. 

The cosine being equal to the ratio of the base to 
the hypotenuse, in the fraction expressing that ratio 
the numerator is always less than the denominator, and 
therefore the value of the fraction is less than 1. 



Thus let ABCy ALL, A ME, and ANF, be a series of right- 
angled triangles, all having an hypotenuse of the same length. Let the 
hypotenuse of each triangle represent 82 units of length. Let CB 

= 6 units; Di= 12 units; ME 
= 22 units ; NF=z 31 units. The 
numerical measures of these lines 
are, therefore, 32, 6, 12, 22, etc. 

CB 

Sin. CAB:=z-— = {l Art. 4) 




AQ 



6 



= - (Ch. Art. 43, H.) ; sin. DAL 
32 

DL 12 EM 

= = -; sin. ^u4Jf=— - 

2)^ 32' AE 

22 FN 31 

= - ; sin. FA i\r = -— = — ; 
32 FA 32 

all less than 1. 

Also, let there be a series of right-angled triangles GAH, ABO^ 

etc., all having an hypotenuse of the same length, viz., 16. Let A H-=. 

15, u4-B= 12, -4i = 8, -4 if =4, and ulJV=2, in terms of the unit 

of length. 
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AB 12 
AC" W' 




A N M 



AH 16 

Cob. GAnr= -—- (4, Art. 4)= -; cos. CAB 

AG^ * ' 16 

^ ^ ^^ 8 
COS. DA L = -7— = — ; etc., all 

AB 16' ' 

less than 1. 

Art, 8. Cor. As the an- 
gle increases, the sine in- 
creases, but the cosine de- 
creases. 

9. (Def s.) If the cosine 
of an angle be subtracted 
from unity, the remainder 
is called the yebsed bine of 
the angle. Thus 1 — cos. A = versin. A. 

If the sine of an angle be subtracted from unity, the 
remainder is called the coveesed sine of the angle. 
Thus 1 — sin. A = coversin. .4. 

10. The TANGENT and the cotangent, of an acute 
angUj may he less than 1, equal to 1, or greater 
than 1. 

The tangent being equal to the ratio of the perpen- 
dicular to the base of a right-angled triangle, the frac- 
tion expressing the ratio will be less than 1, when the 
perpendicular is less than the base ; wiU be equal to 1, 
when the perpendicular is equal to the base ; will be 
greater than 1, when the perpendicular is greater than 
the base. 

The tangent of an angle will be less than 1, when 
the angle is less than 45° ; will be equal to 1, when the 
angle is equal to 45° ; will be greater than 1, when the 
angle is greater than 45°, 
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Thus let ABD^ ABC, and ABE, be triangles right angled at 

B, Let the numerical measure of ul^and of BC each equal 10; let 

the numerical measure ot BD equal 5, and of 

BE equal 15; all referred to the same unit of 

length. 

ABC x^Ka isosceles triangle, and the angles 

Q BA C and B CA are each equal to 46** (Euc. 5 

and 32, L Ch. 18 and 26, L); * 

Therefore i>^^ is less than 45°, and EAB 

2) is greater than 46 ^ 

DB 6 1 

Now, tan. DABz= (2 Art. 4) = - =- ; 

AB^ ^ 10 2' 

Therefore the tangent of an angle less than 

46° is less than 1. 

CB 10 
Tan. CAB= — - = - = 1 ; 
AB 10 

Therefore the tangent of an angle of 45° equals 1. 

EB 16 
Tan. -Fui -B = -—■ = - = li; 
AB 10 ' 

As above, the tangent of an angle greater than 46° is greater than 1. 

Again, the cotangent of an angle being equal to the 
ratio of the base to the perpendicular of a right-angled 
triangle, is less than 1, equal to 1, or greater than 1,- 
according as the base is less than the perpendicular, 
equal to the perpendicular, or greater than the perpen- 
dicular ; that is, according as the angle is greater than 
46°, equal to 45°, or less than 45°. 



Taking the construction of the above figure, 

AB 10 2 

Cot. EAB— -— (4 Art. 4) = - = - ; 
BE^ ^ 16 8 

Therefore the cotangent of an angle greater than 46° is less than 1. 

AB 10 

Cot. CM^rr -—--=- =1; 

jBC 10 
Therefore the cotangent of 45° equals 1. 
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^ , ^ AB 10 

Cot DAB =—- = -' =^i 
BJ) 6 

Therefore the cotangent of an angle less than 45** is greater than 1. 

11. Cor. As the acute angle increases, its tangent 
increases, bnt its cotangent decreases, 

12. The SECAin and the cosecant, of an acute angle, 
are always greater than 1. 

The secant of an acute angle being equal to the 
ratio of the hypotenuse to the base of a right-angled 
triangle, the fraction expressing that ratio always has 
its numerator greater than its denominator, and is there- 
fore always greater than 1. 



Let ABCy ADB,eaid AFO^ be triangles right angled at B^ 2>, 
and Fy respectively. Let the numeri- 
cal measure ot AC, A E^ and A G, 
each equal 20; let the numerical 
measure ot AB equal 18, of AD 
equal 14, and ot AF equal 10. 

« ^ . T. ^ C^ 20 10 
Boo, CAB— = — = — 

-4 5 18 9 

= 14; 

AE 20 
Sec. EAD=i —_ = — = IJ ; 



AD 
AG 



14 
20 




Sec. GAF— -— = - =2. 
AF 10 

Each of these secants is greater than 1, and, as above, the secant 

of an acute angle is always greater than 1. 



Again, the cosecant being equal to the ratio of the 
hypotenuse to the perpendicular, the fraction express- 
ing that ratio is always greater than 1, as its numerator 
is always greater than its denominator. 
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Let ABC, ADEy and AFO^hQ triangles right angled at B, D^ 

and F, respectively. Let the nnmeri- 

cal measures oi AC, A E, and A Gy 

each equal 20; let the numerical 

measure of B C equal %,oiDE equal 

14, and of FG 16, respectively. 

AC 20 
Cosec. CAB= — = — = 25 ; 

CB 8 ^ 

AE 20 
Cosec. EA B = ^^=z - = 1^ ; 




Cosec. OAF 



DE 

AG 



14 
20 



FG 16 ^' 



Each of these is greater than 1, 
and, therefore, the cosecant of an acute angle is always greater than 1. 

13. Cor. As the acute angle increases, its seccmt in- 
creases^ but its cosecant decreases. 



CHAPTER III. 



TBIGONOMETEICAL RATIOS OF AN ANGLE OF 30"*, OF 45% 

AND OF 60"*. 



In AD 




Art. 14. To find the numerical values of the trigo- 
nometrical RATIOS of am, angle of 30°. 

Suppose DAF to be an angle of 30* 
take any point, (7, and from 
C'draw CB perpendicular 
to AF, forming the tri- 
angle of reference, CA B. 
At the point A^ in the 
line A B^ make the angle 
jB J.^ equal to BA C— 
that is, to 30° — and pro- 
duce CB to meet ^ ^ at 
F. ThQuABCm^ABF 
are equal triangles (Euc. 26, 1. Ch. 21, 1.), and CB is 
equal to BF. 

Now, in the triangle A C F^ the angle A is equal 
to 60°, and the angle F is also equal to 60°. There- 
fore CA is equal to CF (Euc. 6, 1. Ch. 27, I.), and 
CB^ which is half of CF^ is equal to half of CA. 

Now, AC^^AB^' + BC' (Euc. 47, I. Ch. 14, 
lll.)=AB'' + lAC^\ 

Therefore AB^ = AC^ -^AC^ ^iAC^\ and 

AB=^-^AC. 

2 



JE 



£4 



THE ELEMENTS OP PLANE TRIGONOMETRY. 



(jB C B 

Now, sin. 30° = sin. OAB = -— = 



AC 2CB 2' 

Tan. 30° = t&n. CAB = -r^== -^ = —- 

AB Vi , ^ VB 



= iv^; 



Sec. 30° = 8G(i. GAB = 



iVsi 



Cos. 30° = COS. GAB = 



AC 



2 

AC 



AC 



2 



AB |/3 



AG 



4/3 



Cot. 30° = cot. GAB = 



AB 

AG 



AB 



yl 



2 



AG 



AG 



= ^4/3; 



2 



AC 



BG iAC 



= V3', 



AC AG 
Cosec. 30° = cosec. CAB= ■^r-;L= nrr, = 2 ; 

B C t-o. C 

Yersin. 30° = versin. GAB=1 — cos. 30° (Art. 9) 



= 1 — 



2 



15. To find the numerical voU/ues of the tbigonombt- 

EicAL ratios of dm cmgle of 45°. 
Suppose GA E to be an an- 
gle of 45°. In ui (7 take any 
point, Cy and from G draw CB 
perpendicular to A E, meeting 
A E&i B. 

In the right-angled triangle 
"£ y. AB G,B& the angle A is equal 
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to 45°, the angle C is also equal to 45° (Euc. 32, I. 

Ch. 18, 1.). Consequently G is equal to -4, and the side 

AB to BG (Euc. 6, 1. Ch. 27, 1.). 

No w, ^ ^ 2 = ^ J? « + ^ (7 2 = 2 j5 67 ^ = 2 J. ^ ^ 

A G 
therefore AB=^ -— = B G. 

'^AG 



JNow, sm. 45° = sm. A = -7-;^= . ^ = — 
' AG AG ^2 

B G B G 
Tan. 45° = tan. A = -7-^ = -rz-p, = 1 ; 

AB B G 

^ ,^^ , AG AG ' _ 
Sec. 45° = sec. A = —r-^ = — ; = 4/2 5 

^^ -^AG 

4/2 

1 



^AG 



Cos.45° = cos.^=^ = ^^^^ = ^=i4/2; 
Cot.45°=cot.^ = — =^-^ = 1; 

Cosec. 45° = cosec. A = -^— i^ = — = 4/2 ; 

^^ -j=AG 

Versin. 45° = versin. A = 1 — -—. = 1 — i 4/2- 

/2 

16. 7b ^/ic? ^A^ numerical vahies of the trigono- 
metrical RATIOS of cm a/ngle of 60°. 

Suppose D AE io be an angle of 60°. \\i AD 
take any point, <7, and from G draw GB perpendicular 
2 
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D 



to A JS, meeting AJE m B. From B lay oflE B H, 

equal to A B^ and join C H, 

Then the triangles CA B and B CH are equal 

(Euc. 4, I. Ch. 20, 1.), and the angle CHA is equal 

to CA jy— that is, to 60°. 

Therefore the angle A CH 

Q, is also equal to 60°. In 

the triangle A CH the side 
^ J3" is equal to A (7, and 
AB^ which is one-half of 
AH^ is equal to one-half 
oiAC. 

^ovf,AC^^AB^ + 
BC^', therefore B C^ = 
iAC^=iAC^ and BC 




J£ JE 

A C''-AB^ = AC^- 



= ^AC 

2 



Now, sin. 60° = sin. A = 



AC 



i A C 



Tan. 60° = tan. J. = 



Sec. 60° = sec. A = 



Cos. 60° = COS. A = 



Cot. 60° = cot. A = 



BO 
AB 

AC 
AB' 

AB 



V 8 



AC 



AG 



= iV3; 



kAG 
AC 



Vs; 



^AC 
iAC 



AG AC 



= 2; 



= i; 



AB iAC 1 , ,_ 



BC •a 



AC 



V3 
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AO AC 2 



Cosec. 60® = cosec. A = 



^^ YLac ^3 



Versin. 60° = versin. JL = 1 — ^ = J. 

We might also derive the trigonometrical ratios of 
an angle of 60° from those of an angle of 30°, accord- 
ing to Art. 5. 

Thus, sin. 60° = cos. 30° = i V3 ; 

Tan. 60^ = cot. 30° = VS ; 

Sec. 60° = cosec. 30° = 2 ; 

Cos. 60° = sin. 30° = i ; 

Cot. 60° = tan. 30° = \ 4/3 ; 

Cosec. 60° = sec. 30° = f y^; 

- Versin. 00° = 1 - cos. 00° = 1 - sin. 30° = J. 

Example 1. If the bjpotenaae of a right-angled triangle be 6, and 
the perpendicular be 4, required the trigonometrical ratios for the angle 
at the base. Required also the trigonometrical ratios for the angle at 
the perpendicular. 

2. If the base and perpendicular of a right-angled triangle be 7 and 
8, find the trigonometrical ratios of the angles at the base and perpen- 
dicular. 

3. Calculate to four decimal places the numerical values of the trigo- 
nometrical ratios of an angle of SO*', and of 60°. 

4. Calculate to four decimal places the numerical values of the trigo-- 
nometrical ratios of an angle of 45**. 



CHAPTEE IV. 

THE USE OF TMGONOMETEIOAL TABLES. — SOLUTION OF 

EIGHT-ANGLED TRIANGLES. 

Art. 17. The tmgonometric ratios for all angles 
between 0° and 90°, beginning at an angle of 1' and 
increasing in size by successive additions of 1', have 
been calculated and have been arranged in tables. Ta- 
bles have also been calculated for angles beginning at 
an angle of 10', and increasing in size by successive 
additions of lO'^. Smaller tables, in which the interval 
between angles is 15', have also been arranged for cal- 
culations where great accuracy is not required. 

Such tables are called in general Trigonometrical 
Tables^ and also " Tables of JSTatural Sines and Cosines," 
" Tables of Natural Tangents and Cotangents," etc. 

18. The loga/rithmio values of the trigonometric ra- 
tios have also been arranged in tables, called " Tables 
of Logarithmic Sines," etc., for use in calculations by 
logarithms. 

19. The values of ratios, intermediate between the 
ratios of the tables, are obtained from those of the tables 
on the theory that '^for smaU vntervals^ the differences 
of the ratios a/re proportional to the differences of the 
anglesP 

Thus suppose we are using a table of natural sines, in which the 
sines are calculated for intervals of 1', and we are required to find the 
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sine of an aogle of 10° 1' 1". This sine falls between the sine of lO"* l' 

and the sine of 10° 2'. In the table of sines, under 10° and opposite 1 

in the column of Min. (minutes), we find the sine of 10° 1' to be .173985, 

and, directly under it, and opposite 2 in the column headed Min., we find 

the sine of 10° 2' to be .174221. (The decimal point is not prefixed in 

the table, but is always understood.) The dilference of the two sines is 

286 

, or .000286, and the angles diflTer by 1' or 60". Therefore 

1,000,000 ' ^ ^ 

since when the angle increases 60" the sine increases .000286, on the prin- 
ciple just enunciated, when the anffle increases 1", or ^^^th of the former 
increase, the rine will also increase ^^th of its former increase, or will 

.000286 47 

Increase = = .000006, nearly. So that the sine of 

60 10,000,000 ' 

10° V 1" is obtamed by adding .000006 to .178935. The sine of 10° 1' 1" 

^therefore. 178940. 

If we wished to obtain the sine of 10° 1' 2" we should add twice 

the increase for one second, or |,^th8 of the increase for 1' — ^that is, 

.000009, nearly — and so on. 

The increase for V is generally calculated at short 
intervals, and put in the table under the column of the 
ratios to which it belongs, with the name of ^^propor- 
tfljondi pa/riaP To find the increase for any number of 
seconds, we multiply the proportional parts for Y by 
the number of seconds. 

To obtain from the tables a ratio for an angle be- 
tween two angles of the table, it is best in general to 
take the ratio belonging to the smaller of the two angles, 
between which it falls, and apply the correction accord- 
ing to the principle above given, or directly from the 
" Corrections " or " Proportional Parts " of such tables, 
being careful to add such correction^ according as the 
ratio required is a sine^ tangent^ or secant; and to std>' 
tract the correcUonj if the requi/red ratio is a cosine, 
cotam^ent, or cosecwnt (Arts. 8, 11, 13). 
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20. Conversely, to obtain the degrees^ minutes^ cmd 
seconds^ answering to a given ratio intermediate hetween 
two ratios of the tablcj take the degrees and minutes he- 
langing to the smaller of the two angles^ between whose 
ratios it falls, and^for tJie seconds^ dimde the difference 
hetween this ratio a/nd tJie given ratio hy the propor- 
tional parts for 1^, foimd under the column in which 
the two ratios appea/r. 

Thus suppose we are usiog a five-place table, and we have a sine 
given as .60060, and are required to find the number of degrees, minutes, 
and seconds, in the angle to which it belongs. 

Looking in the table of sines we find it falls between .60050 and 
.60076; that is, that it belongs to an angle between 80*" 2' and SO"* 3'. 
The difference between the sine belonging to the smaller angle and the 

inycn sine is 10 — ^that is, — and the proportional part for 1" is 

" ' 100,000 ^ 

26 

— = 0.43 (considering 26 as a whole number). Dividing 10 by .43 we 

have for the seconds, 23. Therefore the angle whose sine is .60060, is 
an angle of 80° 2' 23". 

21. The logarithm of a ratio intermediate between 
the logarithms of two ratios is obtained on the same 
general principle as were the ratios themselves, it being 
assumed that, for small intervals, the difference of the 
logarithms of the ratios is proportional to the difference 
of the angles. 

The principle here assumed is not strictly true, nor is the principle 
assumed in the previous article strictly true ; but, employing it with the 
limitation of tmaXL intervals^ we are not in danger of error, except in cer- 
tain angles near 0°, and near 90°, for which angles separate tables are 
provided. 

22. In the tables of logarithmic sines, cosines, tan- 
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gents, etc., the logarithms are generally calculated for 
intervals of ten seconds, and the corrections or propor- 
tional parts are given for the seconds from V to O'^. 

Most of the trigonometric ratios, whose logarithms 
are given, are less than 1 (Arts. 7 and 10), and, there- 
fore, the characteristics of their logarithms would be 
negative (Art. 404, Loomis's Alg.). To avoid the use 
of negative characteristics, however, 10 is always added 
to the logarithm. Consequently, in order to obtain the 
correct logarithm of a result, in a calculation m which 
trigonometric ratios ha/ce heen represented Jyy their log- 
anrithmSj from the resulting logarithm 10 must he svh- 
tracted for every trigonometric ratio used as a m^vlti- 
vlier, and, to the resulting logarithm, 10 micst be added 
for every trigonometric ratio used as a divisor. 

SOLUTION OF RIGHT-ANGLED TRIANGLES. 

Art, 23. The parts of any triangle are the sides and 
the angles. 

To solve a triangle is to find the unknown parts from 
certain known parts. 

Trigonometry was, primarily, the science by which triangleB are 
solved, and was originally so defined. 

24. The parts of any triangle are six in number. 
In a right-angled triangle, as one of the parts is always 
a right angle, one part is always known. As the two 
acute angles together make a right angle, when one 
acute angle is known, the other^ being its complement, 
is also known. So that to solve a right-angled triangle 
it is only necessary to consider four parts ^ viz., the 
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three sides and one acute angle. Any two of these parts 
of a right-angled triangle hemg hnoion, we a/re able, ly 
the use of trigonometHc tcMeSy to solve the triangle. 

25. Suppose two sides are known. These may be 
the hypotenuse and perpendicular ; the hypotenuse and 
hase; or the pefpendicular and base. 

As the perpendicular is " the side opposite the given 
angle '' (Art. 4), either of the sides about the right an- 
gle may be made the perpendicular, and the other side 
the base, or " the side adjacent to the given angle," 
according as we take one or the other of the acute 
angles as the given angle. When two sides are given 
we really have, therefore, two cases only, viz. : 1. When 
the hypotenuse and a side are given ; 2. When the two 
sides about the right angle are given. 

26. 77ie hypotenuse am^d a side being Jcnown, to solve 
the triangle. 

Let A£ G he a right-angled triangle, having its 
right angle at JS. Denote the sides opposite the angle 

c by small letters of the same 
name as the capital letters de- 
noting the angles. 

(Generally, in all triangles, the no- 
tation will be adopted of capitals for 
the angles, and small letters of the same name for the opposite sides.) 

In the triangle ABC suppose we have given the 
hypotenuse S, and the side a. 

(1) Sin. -1 = T (1 Art. 4). 




(2) Also - = COS. A (4 Art. 4) ; or, c = 5 cos. A 
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(3) c also eqaals Vj^ — a^ = ^(6 + *) (* — ^); » 
formula convenient for the use of logarithms, as then 
log. c = i log. {(& + «) + log. (ft — a). } 

From (1) we see that, when the hypotenuse and a 
side are given, the angle opposite the given side is an 
angle whose sine is eqtuil to the ratio of the side to the 
hypotenuse. It is, therefore, to be found from the table 
of sines. 

When this angle is found, the third side can be 
found by formula (2). 

27. If the hypotenuse, ft, and the side, c, were given, 
we could find the angle (7, as we found the angle A ; 
or, if we desired to find the angle A, we have 

c . 

- = cos. A ; 
o 

that is, when the hypotenuse and a side are given, the 
angle adjacent to the given side is an angle whose cosine 
is the ratio of the given side to the hypotenuse. It is, 
therefore, to be found from a table of cosines. 
In this case the other side, a = ft sin. A ; 

for 7 = sin. A\ . • . a = ft sin. A ; 
ft 



or, a = i^ft2 _^2 = t^(ft + c) (ft - c). 

Example 1. If the hypotenuse and perpendicular of a right-angled 
triangle be 192 and 180, respectively, required the other parts of the tri- 
angle. Ann, Angles = 47° 23' 2" and 42" 86' 68" ; side = 142.29. 

2, The hypotenuse and base of a right-angled triangle being 71 and 
64, respectively, required the other parts of the triangle. 

Am, Angles = 25'' 89' 22" and 64" 20' 88" ; side = 30.74. 
8. If the hypotenuse of a right-angled triangle be 71, and the base 
60, required the other parts. 

Am, Angles = 32" 19' 14" and 57" 40' 46"; side = 87.96. 
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4. If the hypotenuse and a side of a right^ngled triangle be 140 and 
84, respectively, what are the other parts ? 

6. li the hypotenuse and a side of a right-angled triangle be 130 and 
66, respectively, what are the other parts ? 

6. The hypotenuse and perpendicular of a right-angled triangle are 
200 and 100, respectively ; what are the other parts ? 

Art. 28. The two sides about the right angle heifig 
knowfij to solve the triangle. 

In the figure, Buppose the two sides, a and c, are 

^ known, and it is required to 
find the hypotenuse and an- 
gles. 

5 = v~a^+T^ (Euc. 47, 1. 
JB Ch. 14, III.). 

(1) Tan. Jl =: - (2 Art. 4). 

e 

After the angle A is found, we can also find the 
hypotenuse, thus : 

(2) - = sm. A: . • . o = r ; or, 

^ h sin. A 

(3) - = sec. A: . • . b—.c sec. A, 
c 

From (1) we see that when the two sides of a right- 
angled triangle are given, the angle opposite either of 
the sides is an angle whose tangent is the ratio of that 
side to the other side. It is, therefore, to be found from 
a table of tangents. 

Example 1. If the base of a right-angled triangle be 141, and the 
perpendicular be 193, required the angles and the hypotenuse. 

Ans, 58° 50' 67", 86° 9' 8" ; 239.02, nearly. 
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2. If the two sides about the right angle of a right-angled triangle 
be 2.1 and 2, what are the angles and the hypotenuse ? 

Ans. 48" 86' 10", 46** 28' 50" ; 2.9. 
8. If the two sideff of a right-angled triangle be 128.5 and 10.16, 
what are the angles and the hypotenuse ? 

Atu. 4° 42' 11", 85" ir 49" ; 128.92. 

4. If the two sides of a right-angled triangle be 39 and 80, what arc 
the other parts ? 

5. If the two sides of a right-angled triangle be 81.48 and 108.64, 
what are the other parts ? 

6. If the two sides of a right-angled triangle are 131 and 13.1, find 
the other parts. 

Y. If the sides of a right-angled triangle are each equal to a, what id 
the hypotenuse and what are the angles ? 

29. Now, suppose a side and an acute angle are 
known. These may be either ^^c 
the hypotenuse and an acute 
angle, or one of the sides 
about the right angle and an 
acute angle. -^"^ tr '^ 

30. The hypoienuBe and an acute angle being hnmon^ 
to solve the triangle. 

In the right-angled triangle, A B C^ suppose the 
hypotenuse J, and the angle Ay are known. 

(1) Sin. A = -; . • . a = i sin. A. 

(2) Cos. A = -; . • . c^= i cos. A. 

In the same triangle suppose the hypotenuse J, and 
the angle (7, are known. 

(3) Sin. = -; . • . c = i sin, C. 

(4) Cos. C = - ; . • . a=^h cos. C. 
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From (1) and (3) it will be seen that, in a right- 
angled triangle, the side opposite an acute angle is 
equal to the product of the hypotenuse ty the sine of 
the angle. 

From (2) and (4) it will be seen that, in a right-an- 
gled triangle, the side adjacent to am, acute angle is 
equal to the product of the hypotenuse hy the cosine of 
the angle. 

Example 1. If the hypotenuse of a right-angled triangle be 4.958, 
and one of the angles be 64° 44', find the other sides. 

Arts, 4.048, 2.8626. 

2. The hypotenuse of a right-angled triangle is 26, and one of the 
acute angles is 16° 16' 37". Required the sides. Ans, 7 and 24. 

8. The hypotenuse of a right-angled triangle is SY.36, and one of the 
acute angles is 12° 30'. Required the sides. Ara. 8.0862, 36.4 Y4. 

4. The hypotenuse of a right-angled triangle is 120, and one of the 
acute angles is 36° 14' 15". Required the sides. 

Ana. Y0.936, 96.789. 

6. The hypotenuse of a right-angled triangle is 316.5, and one of the 
acute angles is 55° 30' 17". Required the sides. 

6. The hypotenuse of a right-angled triangle is 656.16, and one of 
the acute angles is 76° 10' 5". Required the sides. 

7. The hypotenuse of a right-angled triangle is 100, and one of the 
acute angles is 60°. Required the sides. 

8. The hypotenuse of a right-angled triangle is 567, and one of the 
acute angles is 45°. Required the sides. 

9. The diagonal of a square is 400. Required the length of a side. 
10. The side of a rhombus is 48 feet long, and one of its angles is 

68°. Required the length of its diagonals. 

31. One of the sides about 
the right angle a/nd one of the 
acute a/ngles hei/ng Jmown^ to 
solve the triangle. 

In the right-angled trian- 
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gle ABCy suppose the side a, and the angle -4, oppo- 
site the side a^ are known. 



a 



a 



(1) 


Sin. A = 


- — • 

■J' 


• 
■ • 


h = 


sin. A' 




(2) 


Tan. A = 


a 


• 
• • 


— 


a 




tan. A' 




(3) 


Or cosec. 


.A = 


h 


t • 
) • • 


h a cosec. 


ui. 


(4) 


Cot. A - 




'a' 


• 
• • 


c — 


a cot. A . 





Formxda (1) and formula (2) are more convenient 
for general use than formula (3) and formula (4). 

From (1) and (2) it will be seen that when a side 
about the right angle of a right-angled triangle, and an 
angle opposite it, are given, the hypotemcse is equal to 
the quotient of the given side divided hy the sine of the 
given angle, and the other side is equal to the quotient 
of the gimen side divided hy the tangent of the given 
angle, 

32. If, instead of a side and the opposite angle be- 
ing known, we know a side and the adjacent angle, we 
can find the opposite angle — as each acute angle is the 
complement of the other — 
and then we can solve the 
triangle, as in Art. 31. Or 
we can solve the triangle di- 
rectly, thus: 

Suppose, in the right-angled triangle ABC, the 
side c and the angle A are given, to solve the triangle. 




(1) Cos. ^=^; 





h= 



COS. A' 
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d 

(2) Tan. ^ = - ; . • . a = c tan. A. 

(3) Also, sec. -4 = - ; . • . b=^c sec. A. 

From (2) and (3) it will be seen that, in a right- 

c angled triangle, the side oppo- 
site an acute angle is equal to 
^ the product of the side ad- 
jacent to that am^gle hy the 
■^ tangent of the angle; and that 
the hypotenuse is equal to the product of a side hy the 
secant of the angle adjacent to the side. 

Example 1. The side of a right-angled triangle is 141, and the angle 
opposite this side is 83*" 41' 6". Required the hypotenuse and the other 
side. Am, 254.225, 211.54. 

2. The side of a right-angled triangle is 124.6, and the angle oppo- 
site it is 64° 20'. What is the hypotenuse and the other side ? 

Am. 138.24, 59.8766. 

3. The side of a right-angled triangle is 19.67, and the angle oppo- 
site to it is 18° 31' 4". Required the hypotenuse and the other side. 

4. The side of a right-angled triangle is 111.11, and the angle adja- 
cent to this side is 73° 49'. Required the hypotenuse and the other side. 

5. If one side of a rectangle is 60 feet, and the diagonal makes an 
angle of 30° with this side, what is the length of the diagonal, and what 
is the length of the other sides of the rectangle ? 

6. The diagonal of a rhombus is SO feet, and the angle through 
which the diagonal passes is 120°. What is the length of a side of the 
rhombus, and what is the length of the other diagonal ? 

33. From the preceding articles it will be seen that 
to solve a right-angled triangle we simply apply the 
definitions of trigonometric ratios. To find a required 
part we select, in each case, the definition in which 
occur the required part and the two known parts. 



CHAPTER V. 

TRIGONOMETEIC BATI08 OF A BIGHT ANGLE, OF 0, AND 

OF OBTUSE ANGLES. 



Abt. 34. According to Art. 3, the tricmgle ofrqfer- 
enee for the trigonometric ratios of an angle is formed 
by dropping a perpendicular upon one side, or side 
produced containing the angle, from any point in the 
other side. In the case of a right angle, the perpen- 
dicular coincides with one of the sides of the angle and 
no triangle is formed. We shall, therefore, obtain the 
trigonometric ratios of a right angle by the method of 
limits, considering the case of a right-angled triangle, 
whose hypotenuse remains constant, while one of the 
acute angles, taken as a variable, " approaches indefinite- 
ly " to a right angle as its 
limit (Ch. Art. 28, Bk. V.). 

Art. 35. The sine of a 
right wngle^ or the sine of 
an angle of 90^ is 1. 

Let AB C \yQ a trian- 
gle right-angled at B, 
Suppose, while the hypot- 
enuse remains the same, 
the acute angle ^ ^ (7 in- 
creases. At the same time B G increases. Also the 
sine oi BAG increases (Art. 8). 
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Now, as the angle BAG increases, it approaches 
a right angle as its limit, and its sine approaches the 

sine of a right angle as its 
limit. Also as the angle 
BAG increases and ap- 
proaches a right angle as 
its limit, the perpendicu- 
lar, B Gj approaches the 
^ hypotenuse, A (7, as its 
limit (Euc. 6, I. Ch. 27, 

B C 

11 ,. L); and, therefore, -— - 
B BB B B B ^ ' ' AC 

AC 
approaches -J-;,, or 1, as its limit. But sin. BAG 

B G 

always equals -j-7^; therefore, at the limits, sin. 90°, or 

A 

the sine of a right angle, equals 1 (Ch. Art. 29, Bk. V.). 

36. The cosine of a right angle^ or the cosine of cm 
angle of 90^^ is 0. 

When the angle A {see figure) increases toward its 
limit (a right angle), its cosine decreases and approach- 
es the cosine of a right angle as its limit (Art. 8). At 
the same time that A increases,^ B decreases, and ap- 

AB 

preaches as its limit, so that the limit of 



AG 



IS 



^ -r. . . . AB , 

-7-p;j or 0. But cos. A always equals -7-77; there- 
fore, at the limits, the cosine of a right angle, or 
cos. 90®, equals 0. 

37. The tangent of a right angle^ or the tangent of 
a/n angle of 90^ ^ equals 00. 
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When the angle A increases (see figure, page 40), 
the tangent increases (Art. 11). When the angle A 
approaches a right angle as its limit, its tangent ap- 
proaches the tangent of a right angle as its limit. Also 
as the angle A increases, at the same time 6 B in- 
creases toward A C^ as its limit, while A B decreases 

toward as its Kmit, so that -r-z^ approaches — -- or oo 

A B 

B G 
as a limit. But tan. A = -t-t; ; therefore, at the limits, 

AB 

the tangent of a right angle, or tangent of 90°, equals oo. 

38. By a similar method of proof, it can be shown 
that the cotcmgerd of a right angle is 0/ that the secant 
of a right angle is oo ; and that the cosecant of a right 
a/ngle is 1. 

39. To find the trigonometric ratios of 0°. As 0® 
is the complement of 90®, we can determine the trig- 
onometric ratios of 0° from those of a right angle, ac- 
cording to Art. 5. 

Thus sin. 0° = cos. 90*^ = ; 
Cos. 0® = sin. 90° = 1 ; 
Tan. 0° = cot. 90° = ; 
Cot. 0° = tan. 90° = 00 ; 
Sec. 0° = cosec. 90° = 1 ; 
Cosec. 0° = sec. 90° = oo. 

40. We can also find the trigonometric ratios of 0° 
by the method of limits, considering 0° as the limit to 
which an acute angle approaches indefinitely when de- 
creasing. 

Thus, take the case of the sine of 0°. 

When A approaches 0° {see figure, page 40), as its 
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limit, sin. A approaches sin. 0® as its limit, and CjB Sij>- 

OJB 

proacbes as its limit. Therefore the limit of -— r^ 

= — - = 0. But sin. A always equals -r-^. There- 

fore, at the limits, we shall have sin. 0*^= (Ch. Bk. V., 
Art. 29). 

In a similar manner the other trigonometric ratios 
of can be found. 

TRIGONOMETRICAL RATIOS OF AN OBTUSE ANGLE. 

Art. 41. Before proceeding to the trigonometrical 
ratios of an obtuse angle, we will define the siffn of 
a line as distinguished from its valuCy or numerical 
measure. 

The sign of a line generally denotes the direction in 
which it is measured. To lines measured in one direc- 
tion there are given positive signs (not always prefixed), 
while to lines measured in the opposite direction there 
are given negative signs. 

Thus, taking two lines, 2)^ and G Hj which we 
will name initial lines, intersecting at right angles at 

. A, we call all lines going 

to the right of GS^, or from 
A toward -E', positi/vey and 
V we call all lines to the left 

j& of GH, or going from A 
toward Z>, negative. So we 
call all perpendiculars upon 
^ DE, from above D E, posi- 

tive lines, and we call all perpendicuJars upon D Ey 
from below, Tiegaiive. 



n 
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We shall also consider the hypotenuse of a right- 
angled triangle always positive. 

Now, if we put the vertex of the angle, whose trig- 
onometric ratios we are to consider, at Aj and one of 
its sides coincident with A E^ it will be apparent that 
(in the sense of our definitions with regard to the signs 
of lines), the trigonometric ratios of aU angles thus far 
conMdered arepositive^ because the sides of the triangle 
of reference are all positive. 

42. Take now an obtuse angle, and apply its vertex 
to the point A (see figure), and let one of its sides, as 
A B^ be coincident with A E. 

To construct the triable of reference (Art. 3), we 
drop a perpendicular, CJ), from any point, (7, in A (7, 
upon AE produced, \ ^ ^ 

meeting A E pro- 
duced in E, In this 
triangle, A Ey the 
side adjacent to the X~ 
obtuse angle is neg- 
ative, because we 
consider all lines 
running from JL, toward the right of <? 5J as positive ; 
and those from J., toward the left of G ZT, negative 
(Art. 41). 

43. The trigonometrical ratios of an obtuse angle 
have the same names as the corresponding ratios of an 
acute angle, but have not always the same sign. For, 
as A E, the base of the triangle of reference, or the 
side adjacent to the obtuse angle, is always negative, 
and as the hypotenuse, A (7, and the perpendicular, 
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XTTD 



-w 



CD^ are always positive (Art. 41), every ratio in which 

A D occurs must be negative. 

44. Thus (1), the sine of an obiAise angle is the ratio 

of the perpendicylar to the hypotenuse of the triangle 

of reference, and is 
positive (Art. 41). 

Sm.CAB=^ 

A G 

"^ = positive quantity. 

(2.) The tangent 

of an obtuse cmgle is 

the ratio of the j?er- 

pendiaular to the hase^ and is negative. 

Tan. GAB = ^ = P"^^^\"" ^^^^^j^^ ^ \ ^^^ 

A D negative quantity ^ q»««itity. 

(3.) The secant of an obtuse angle is the ratio of the 
hypotenuse to the hase^ and is negative. 

^t^o rAn— ^ — PQ^^^^^^ quantity __ c negative 

^ ^ J9 ~ negative quantity "" ( ^^^^*y- 

(4.) The cosine of an obtuse angle is the ratio of the 
base to the hypotenuse^ and is negati/oe. 

A D 

Cos. C'^ -2 = -T-n ~ ii^g^^i^® quantity. 

(5.) The cotangent of an obtuse a/ngle is the ratio of 
the 5a5<5 to the pcTpendicular, and is negative. 

negative quantity. 



Cot. CAB = 



DC 



(6.) The cosecant of an obtuse a/ngle is the ratio of 
the hypotenuse to the perpendicular of the triangle of 
reference, and is positive. 
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A C 
Cosec. CAJB = 'TTfk ^^ P^^^^^^® quantity. 

45. It can be proved that tlie sine and cosine of an 
obtuse a/ngle are always less than 1 in numerical value, 
in the same manner that the sine and cosine of an 
acute angle have been proved less than 1 (Art. 7) ; also, 
that wJien an Muse angle increases its sine decreases^ 
but that its cosine increases (negatively) in numerical 
value. 

It may also be proved that the ta/ngen/t and cotan- 
gent of an dbttise angle may he equal to — Ij greater 
than — Ij or less than — • i, as it was proved that the 
tangent and cotangent of an acute angle might be equal 
to Ij greater than 1, or less than 1 (Art. 10) ; also, that 
as the obtuse a/ngle increases its tamgent decreases^ but 
its cotangent increases^ both negatively. 

It may further be proved that the secant and cose- 
ca/nt of an obtuse angle are always greater tha/n 1 nu- 
merically (the secant being greater than — • 1, the cose- 
cant being greater than + 1), in the same manner that 
the secant and cosecant of an acute angle were proved 
to be always greater than 1 (Art. 12) ; also, that as the 
obtuse angle increases, the secant decreases (negatively), 
but its cosecant increases. 

Def. The versed sine of an obtuse angle is equal to 
the algebraic difference between 1 and the cosine of 
the angle. 

Thus {see figure, page 43), versin. A = l — cos. A. 
But, as COS. AissL negative quantity (4, Art. 44), versin. A 
is greater than 1. (In the case of an acute angle, the 
versed sine is less than 1.) 

46. Any trigonometrical ratio of an acute or obtuse 
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angle has the same numerical valice as the correspond- 
ing ratio of its supplement 

The SINE and cosecant of an acute a/ngle, and the 
SINE and COSECANT of its sfwpplenventary obtuse a/ngle^ 
are all of the same sign, and are positive. 

The TANGENT, COTANGENT, COSINE, and SECANT of an 
acute angle a/re positive^ while the corresponding ratios 
of the supplementary c^f/use a/ngle are negative. 

In the figure GAB is an acute angle. Produce 
B A through J., beyond the perpendicular A Y. At 

Ay in the straight 
line^ Ey make the 
angle PA ^equal 
to CA B. Then 
is JPAB the sup- 
plement oiP AE 
(Ch. Bk. I,, Art. 
19), and, conse- 
quently, equal to the supplement of G A By the equal 
oiDAE. 

Construct the triangle of reference, GA B. In .4 jP 
take A D equal to A (7, and from D draw D E per- 
pendicular to A E. Then is D AEy the triangle of 
reference for the obtuse angle D A By equal to the tri- 
angle GA B (Euc. 26, 1. Ch. 23, 1.). 

In the triangles A GB and ADE the hypotenuses 
A G and A J9, and the perpendiculars G B and D Ey 
and the base, A By are all positive, while the base, A Ey 
is negative (Arts. 41 and 42). 

As the triangles of reference are equal in all re- 
spects, and therefore similar, the ratio between any two 
of the sides of one is equal to the ratio between the cor- 
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responding sides of the other (Euc. 4, VI. Ch. 4, III.); 
that is, the numerical value of any trigonometric ratio 
of the acute angle, CABj is equal to the numerical 
value of the corresponding ratio of the obtuse angle, 
DAB. 

Now, sin. CAB = -r-zL: also, sin. I>AB = '.jr—., 

A C DA 

But -r~^'=Tr~M^ as the triandes OA B and DA£^B,re 
A O DA ° 

equal. Also as the lines CB^ DE^AC^ and A i?, are 

all positive, the ratios -— ^^ and yr-j are positive, and 

therefore the sine of the angle, G A B^ and the sine of 
its supplement, DABj are of the same sign, and are 

positive. 

A G 
Again, cosec. G A B = YTn 5 *^^> cosec. DAB 

DA ^ AG DA , , 
= rp—p. . But TTir = -:pr^i and, as the terms of these 
DJE GB DE ' 

ratios are positive^ the ratios are positive ; and, there- 
fore, the cosecant of an angle and the cosecant of its 
supplement are of the same sign, and are positive. 

GB 
Tan. GAB = -j-^ = a positive quantity, as the 

lines GB and A B are both positive. But tan. DAB 

DE 

(the supplement of GAB)=^ ~A~jr'^ * negative quan- 
tity, as -4 ^ is negative (Arts. 41 and 42). 

A B 
Ootan. GAB== ^-77 = a positive quantity ; 

B V 

AE 
Cotan. DAB^^ ~w1p = ^ negative quantity. 

D Mi 
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A JB 

Cos. CAB = —r-p^ = a positive quantity ; 

AE 
Cos. D AB =^ ~A~n ~ ^ ^®g^^^^® quantity. 

A C 
Sec. CAB=: ~~r~n — ^ positive quantity ; 

AD 
Sec. D AB =^ -T-^ = a negative quantity. 

47. It follows from the preceding article that trig- 
onometrical tables for acute angles can be used for 
obtuse angles, as the numerical values of the ratios of 
the one are the same as those of the corresponding ra- 
tios of the other. 

To find, therefore, the trigonometric ratio of any 
obtuse angle, we subtract the given angle from 180® 
and find the corresponding ratio of the remainder. 

Where it is important — as in certain computations — 
to distinguish the obtuse angle from its supplementary 
acute angle, we retain the sign of the ratio. 

Example 1. Find from the tables the trigonometric ratios of an an- 
gle of 100^ 

2. Required from the tables the trigonometric ratios of an angle of 
120° IS' 45". 

3. Required the trigonometric ratios of an angle of 135°. 

4. Required the trigonometric ratios of an angle of 150°. 

5. Required the trigonometric ratios of an angle of 120°. 

6. If the cosine of an angle is — .813467, what is the angle? 

Ans. 144° 26' 10". 
Neglecting the sign, required the obtuse angle whose 
1, Cotan. is 2.31821. Ana, 156° 89' 68".4. 

8. Sine is .634167. Ans. 140° 38' 80".8. 

9. Tangent is 1.81611. Ans, 118° 61' 7".4. 



CHAPTER VI. 



OBLIQUE-ANGLED TRIANGLES. 

Def. An (Mique-cmgled tricmgle is one which does 
not contain a right angle. It is, therefore, either an 
acnte-angled or an obtuse-angled triangle. 

Art. 48. In amy triangle^ the sine of any angle is 
to the sine of a second angle as the side opposite the 
first aaigle is to the side opposite the second angle. 

This principle is sometimes stated in another f onn, thus : " The sines 
of the angles of a triangle are proportional to the opposite sides." 

In the given triangle, AB C^ 
it is required to prove 

Sin. B AG 

^in.CAB' 

Suppose that A B Gh^^i. tri- 
angle, in which a perpendicular -^ 
from one of the angles upon the opposite side falls 
within the triangle, as the perpendicular, A 2>, from 

A upon B C. 

AD AD 

Sin, B = -r^ ((1) Art. 4) : also, sin. C= -7-7: ; 
AJB . AG 

AD 




therefore 



sin. ^ AB AG 
sin. G^AD^AB' 
AG 
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By drawing a perpendicular from C upon A B, it 
can also be proved, in the same way, that 

Sin. ^ JBC 

Next, let the triangle -4 ^ (7 be a triangle in which 

the perpendicular falls with- 
out the triangle, on the side 
produced. 

In the figure, A 2?, the 
perpendicular, falls without 
the triangle. The angle, 
A CJBy is therefore an obtuse angle. 

AJD 

Now, sin. A B (7 = 




AD 



AB' 



also, sin. BCA = -r-^ ((1) Art. 44) ; 

AD 



therefore 



sin.^^67 AB AC 
^.AGB^AD^AB' 

AC 



By drawing a perpendicular from B^ upon A (7 pro- 
duced, it may be proved in the same way that 

^m.BAC BC 

Sin. BGA "AB' 
Lastly, let A B ChoB, right- 
angled triangle ; then also 
Sin. B AC 

Sin. C^AB' 

For, since (7 is a right angle, ■g 

its sine is 1 (Art. 35). Also 

. ^ AC . sin. B AC An. B A C 
sm. B = -7-^ ; 1. e., — : — = -r-r:, or 




AB' 



AB' Bin. C^AB' 



OBLIQUE-ANGLED -TRLiNGLES. 
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49. In any triangle^ the bum of any two sides is to 
their diffeeencjb as the tangent of half the sum of 
the OPPOSITE angles i& toihe tangent of half their dif- 
ference. 




Let A CB be any triangle. Then 

BC-^CA _ tan. \ {A-^B) 
BC-GA tan. i(^-^) 

Produce C A io Dj making CD equal to C B. 
Produce B Cio Ey making GE equal to G A. Join 
D and B^ by the straight line DB. Join E and A^ 
by the straight line EA^ and produce EA to meet 
i?^at^. 

By the construction, BE^B G'\'GA 

and AB = BG-GA. 

Now the sum of the angles GAB and GBA 
equals the sum of the angles D and GBJDj because 
each sum is the supplement of the angle A GB (Euc. 
32,1. Ch. 18, L). 

liutGDB'\'GBD:=2D (Euc. 5, 1. Ch. 25, L). 

Therefore D = i {GAB + GBA) = i{A + B). 

Also i{A + B) + i{A-B) = A\ 
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That is, B + i {A- B)=CAB = D -\-ABB 
(Euc. 32, 1. Ch. 18, L Cor. 1) ; 

therefore, ABD = \{A—B), 

Again, the angle CEA = CA E=r. DAK; 

also CBK=ADK; 

therefore, BEK-\-EBK=DAK-^ADK; 
consequently EKB=^EKD, and each is a right an- 
gle, according to the definition of a right angle. 

Also the triangles KB E and ABK are similar 
(Euc. 4, 1. Ch. 4, III.). 

(1) Now ^^ =tan. i? = tan. \{A-\-B); 

(2) also 4^= tan. ^ 5^= tan. i (^ - ^ ; 

KB 

tterefor., dividing (1) by (2), f| = ^|^- 

But, from the similarity of the triangles, KBE 

and ADK, 

KB^BE ^ BG-\-CA ^ 

KJ)~AD~ BC-CA' 
therefore fg+^=^4ii±^. 

SOLUTION OF OBLIQUE-ANGLED TRIANGLES. 

50. To solve an oblique-angled triangle, it is neces- 
sary to know three parts, of which one at least must be 
a side. 

The three angles of a triangle determine only its form. The same 
three angles may belong to a number of triangles, of different sides and 
of different areas, but all similar. 

"We shall then have different cases of the solution of 
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oblique-angled triangles, which -may be classified as fol- 
lows: 

1. When injoo angles and a side are given ; 

2. When tmo sides and an angle are given ; 

3. When the three sides are given. 

51. Two amgUs a/nd a side of an dbUque^bngled 
tria/ngU being Jcnovm, to solve the i/ria/ngle. 

The third angle is ^ 

found by subtracting 
the sum of the given 
angles from 180°. 

The sides are found 
by the theorem of Art. 48. Thus in the triangle 
A CB, suppose the side a is given and any two angles 
as B and A. 

Then 6^= 180° -{^ + B). 

. . , . ^ „ sin. A a _ a sin. B 

Also, by Art. 48, —, — =r — — ;. •. 6 ~ — ; -. 

' "^ ' sin. ^ ft ' sin. A 

. , sin. C c a sin. C 

Again,-: 7 = ""5 •'•^~— : 7- 

sin. A a sm. A 

Solve the triangle when there are given : 

ExAHFLB 1. A Bide = 121, and the adjacent angles = 16**, and 66° 
31'. Aru. Sides = 83.219 and 106.797. 

2. A side = 14.3, an adjacent angle = 43" 10' 16", an opposite 
angle = 73** 13' 4". Ans. Sides = 10.219 and 13.3798. 

3. A side = 31.67, angle opposite = 66% and the other sides equal. 

4. a = 16.189, B = 76° 10', C = 33° 14' 7". 
6. c = 668.9, ^= 3 Aj and 0= 6 A. 

6. 6 = 7.93, A=SB,a,jidB=2C. 

52. Two sides amd an angle of an oblique-angled 
triangle being Jcnown^ to sol/oe the tria/ngle. 

Under this head we have two cases: 1. When the 
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given angle is included by the given sides ; 2. liVTien tlie 
given angle is opposite to one of the given sides. 

63. Two sides, wad the included angle, of an oblique- 
angled tria/ngle hemg known, to solve the triangle. 

We then have the Sfwm of the other angles given, or 
the sum of the angles opposite the gi/oefn sides (Ene. 32, 1. 
Ch. 18, 1.). By the theorem of Art. 49 we find half 
the difference of these same angles. Half the differ- 
ence added to half the snm of the angles will give the 
greater, and half the difference subtracted from half the 

snm will give the lesB an- 
gle. The remaining side 
may then be fonnd by 
the theorem of Art. 48. 
Thns in triangle 
AB C,M we have the sides, a and 5, and the included 
angle G given, then by Art. 49, 

a + l tan. \{A^B) _ tan.i(180^ -g ) 
a — J~~ tan. i (^ — ^) "" tan. i (^ — ^ 

_ cot.^ C 
""tan. i(J.-^)' 

therefore tan. \{A— B)^= — -— tan \{A'\'B) 

= — —^ cot. \ C. 
a-^b 

\{A-^B) added to \ {A-^B) or to \ (180^ - C) 
will equal A, and \{A — B) subtracted from \{A—B) 
or from \ (180^- C) will equal B. 

"We shall then have the two sides, a and S, and all 
the angles given to find the side c. 
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Then by the theorem of Art. 48, 

sin. A a a sin. G 



sin. G Qhi.A 

Solve the triangle when there are given : 
ExAHFLS 1. e = 18, 6 = 7, and angle A = 62**. 

Ans, a = 10.298, C = 96° 85' 48", B = 82* 24' 17". 

2. e = 12, 5 = 8, and angle A = 42*". 

Ans, a =z 8.0818, B = 41* 28' 47", C = 96* 81' 12". 
8. 6 = 4, c = 16. A = 66^ 

-4n«. B = 18° 26' 48", C= 111° 88' 17", a = 14.092. 

4. 6 = 9, c = 19, -4 = 60°. 

Ans, a = 14.906, B = 27** 88' 6", C = 102° 26' 64". 

5. a = 11, c = 17, B = 70". 

Ans, b = 16.796, A = 87° 69' 8", C = 72° 0' 67. 

6. a = 10, 6 = 18, C=80°. 
1, b = 648, c = 721, A =66°. 
8. 6 = 643, c = 721, A = 76°. 

54. Ti«?(? «ee2e9, amZ a/i angle apposite one of t/ie 
gwen sides, of an oHique-a/ngled triangle ieing known, 
to soT/oe the tria/ngle. 

The triangle may be ^ 

solved by the theorem of 
Art. 48. 

Thus in the triangle ^ 

ABG, suppose we have 

given the two sides a and c, and the angle A\ then, by 

Art. 48, 

c sin. C ,, « • n ^ * A 
_ = ; therefore sm. c7= - sm A. 

a sin. A a 

Having G and A, we then find jB = 180°- (^+C). 

m. fK^ AQ\ ^ sin.5 , aAn.B 
Then (Art. 48), - == -; — - ; or & = —, _. 

a sm. A sm. A - 
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55. Of the parts mehtioned in Art. 54, when tfie side 
opposite the gi/oen cmgle is leas them the other given side^ 
and greater ihom the product of that side into the sine 
of the given angle^ two triangles oa/n, 'be constructed 
from, the gi/oen parts^ amd therefore two solutions wHl 
he possible^ hoth ofxohich wiU he correct. 

In other cases there will be but one solution. 

The first case is sometimes spoken of as the arMgwnti case. 

We will consider the cases which are not ambigu- 
ous, and then the ambiguous case. 

1. Suppose, in the trian- 
gle ABC, there are given 
the two sides, c and a, and 
the angle A, and that c is 
less than a. 
By Art. 48, 

. ' . = - ! therefore sin. C =^ sin. A. (1) 
sm. -4. a' a 

But if c is less than a. — is less than 1 ; and, there- 

a 

fore, — sin. A is less than sin. A. or, since sin. G is 
a 

equal to — sin. A. sin. C is less than sin. A. 
a 

Therefore C is less than A (Art. 8), and must be 
an acute angle. For if C were an obtuse angle, as its 
sine is less than sin. A, C' would be greater than the 
supplement of A (Art. 45). Consequently C and A, 
two angles of a triangle, would be together greater 
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than two right angles, which is impossible (Euc. 17, 1. 
Ch. 18, I.). Therefore, in this ease, there is no ambi- 
guity. 

Or, by geometry, C is less than A (Euc. 18, 1. Ch. 26, 1.). 

2. Again, snppose c = a. Then, as - = 1, from (1) 

Of 

sin. C= sin. A and C -= A, C could not be the sup- 
plement of A, for then the two angles of a triangle 
would be equal to two right angles, which is impossible. 

By geometry C—A (Euc. 6, L Ch. 26, L). 

3. Lastly, suppose a = c sin. A, 

Substituting this value in (1) sin. (7=1; therefore, 
(7 is a right angle (Art. 35). And in this case there is 
no ambiguity. 

4. Now, suppose a is less than (?, but greater than 
c sin. A. 

If c and a and the c^ 

angle A are given, and a B^ 

is greater than c sin. A^ c^ 

then a is greater than- 
BD {see figure), the 

perpendicular from B ^^ ^ ^^ 

upon A jO, for this perpendicular is equal to c sin. A 
(Art. 30). 

From the equation sin. (7 = - sin. J., as - is greater 

than 1, - sin. A^ or its equal, sin. (7, is greater than 

sin. A. 

Now, A cannot be an obtuse angle when a is less 
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than c, for then would C be also an obtuse angle 
(Euc. 18, 1. Ch. 26, 1.), that is, two angles of a triangle 
would be together greater than two right angles, which 
is impossible. Therefore, -4 is an acute angle. Also, 
as sin. G has been shown to be greater than sin. .4., G 
is an angle greater than A^ but may be either an acute 
angle, or an obtuse angle the supplement of the acute 
angle, as the sine of an angle and the sine of its supple- 
ment are the same in value and in sign (Art. 46). 

Thus, in the figure, if a is less than c and greater 
than c sin. A^ we shall have two triangles, AC B and 
A CB^ having the angle A and the side o in common, 
and the side B C equal to B (7, but the angle B C A 
the supplement of B GA. 

5. When a is less than c sin. Ay there is no triangle 
formed. 

56. To solve the triangle^ when the parts are given 
as in the preceding article ; that is, when the side op- 
posite the given angle is less them the other given side^ 
and greater than the product of the sine of the given 
angle hy that side. 

Suppose we have 
given the sides c and a 
and the angle -4, and 
that a is less than Cy but 
greater than o sin. ^. 

From A draw the 
line A jO, making the 
given angle with A B (e), and produce it indefinitely. 
From ^ as a centre with a radius equal to «, describe 
a circle cutting AJD at G and at JD. Join B and (7, 
and B and 2>, by the straight lines B G and B D re- 
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spectively. Then we have two triangles, each of which 
contains the given parts. 

Since B O equals BDy the angle JS CD equals 
B D C\ therefore A CB^ which is the supplement of 
B CDy is also the supplement oi BB O. 

(1) 1^51^ = ^; (Art. 48) .-. sin. D = Isin. A, 
Sm. A a ^ ^ a 

We thus find i>. ^jffi> = 180°- {A + D). 

AD mi.ABD 

(2) Then 



. AD = 



c sin. D 

c sin. ABD 



sin. D 

Thus the triangle ABD i& solved. 

To solve the triangle AB Cywe shall have, as in (1) 

for sin, D, sin. C= — sin. A ; but as A C B is tho sup- 
as 

plement of AD£, after finding J9, we subtract D 
from 180° to find A C B. Then ABG^ 180° - {A CB 
-\-A),OTz= DCB - A. 

\ ^, AC An. ABC 

^''^^'bc=-^^:a-'' 

a sin. ABC 



AC^ 



sin.ud. 



Solve an oblique-angled triangle when there arc given : 
Example 1. ^ = 74° 46', a = 476, h = 432. 

Ana, ^=61° 20' 10", C= 43° 54' 50", e = 341.4'7. 

2. ^= 67° 30', h = 810, c = 292. 

3. C = 41* 16' 6", e = 891, a = 311. 

4. ^=49° 30', 6 = 6, c = 6. 

Aim, Two solutions, A = 64° 38' 65", C = 66° 61' 6", a = 6.9422. 

or 16° 21' 6", or 114° 8' 66", or 1.8612. 



60 
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6. -8=86°, 6 = 111, c=128. 

Ans. Two solutions, A = 106° 82' 12", C= 89° 21' 48", a = 186.45. 

0P4°2r48", or 140° 82' 12", or 15.06. 

6. C=26°, c=116, 6 = 191. 

Ans. Two solutions, A = 110° 26' 10", B = 44° 34' 60", a = 256.015. 

or 19° 84' 60", or 186° 26' 10", or 91.194. 

7. C = 81° 80', e = 116, b = 191. 
S. A = 40°, a = 129, c = 165. 



57. In order to solve an oblique-angled triangle 
when its tliree sides are given, we establish three prin- 
ciples : 1. That the tangent of an angle is equal to tiie 
sine of the angle di/vided Jyy its cosine; 2. That the sine 
of half a/n angle is equal to the square root of half the 
difference heiween 1 and the cosine of the a/ngle / and, 3. 
That the cosvne of half an angle is equal to the squa/re 
root of half the sum of 1 a/nd the cosvne of the am/le ; 
sum amd difference being used in the algebraic sense. 

58. The ta/ngent of am, angle is equal to its sine di- 
vided hf its cosvne. 





D A- 



Suppose ^ to be a given angle, acute in the right- 
hand figure, obtuse in the left-hand figure. 

sin. A 



Then tan. A = 



cos. A' 



Make the triangle AB Oy right-angled at JB, the tri- 
angle of reference. 
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CB 

OB A C 

Tan. A = -^ ((2) Art. 4 and (2) Art. 45) = -7— 



sin. A 
COS. -4. 



((1) and (4) Articles 4 and 44). 



59. The sine of half cm a/ngle is equal to the squa/re 
root of hMf the difference between 1 am,d the cosine qf 
the whole angle. 




jK d 



1. Let MA L be an acute angle ; then 



sin. i -4 = 



/ 



=/ 



1 — cos. A 

2 



With A as centre and any radius A G, describe a 
semicircle, BOD, meeting AL in -D, and ^Z pro- 
duced in J?, and cutting AMmO Draw the straight 
lines B O and (72>, and from O draw OE perpendicu- 
lar to A 2>, meeting AD B,t E. 

The angle B = iA (Euc. 5 and 32, 1. Ch. 25, and 
Cor. 1. 18, 1.); 

sm. ^A = sm. B = -77-=: ; 
^ OB^ 

(sm. ^)2 (written sm. ^B) = -^^ = ^^^^^ 
(Euc. 8, YI. Ch. 13, m.) = -g^ ; 
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therefore sin. '5 



ED AD-AE 



ap — — 



AE 



BD 2A 

= i (1 — COS. A) ; 



D ~^\ AG) 



therefore sin. i ^ = sin. B= / 1 - cos. ^ 



W 



2 



2. Let us take the obtuse angle BAO\ then, also, 



sin. 4 J. = 



/ 



r 



COS. -4 



2 




J) j; 



From J. as centre, with radins A C, describe the 
semicircle BOD, and complete the flgnre, as in^ the 
previous article. 

The angle BDC=kBAC\ 

CE 
therefore sin. ^A=^ sin. B D C = 



Sin. ^B D C = 



CD' 
CE"" DEy.BE _ BE 

CD^~ DExBD ~ BD 
BA + AE . /. . AE 



^B A 



=*(>+!!)■ 



A C 

AE 

Now ^ .^'is a minus quantity (Art. 43), and -r— ^9 = 

A C 

— AE 

—Tq='- cos. A ((4) Art. 44). 
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Therefore sin. i^ = An.BD C = J ^ "" ^^^' ^> 

60. The cosme of half cm angle is equal to the aqua/re 
root of onerhalf the sv/m of 1 amd the cosme of the whole 
a/ngle. 

First, let the angle be an acute angle, as the angle 
MAL. 




B 

Then cos 



•i^ = /i±f5^- 



Construct the figure -as for £he first part of Art. 59. 

BE 

Cos. iA = COS. B = -^-~* 

BIT' BE^ BE BA+AE 
'BC'^^BExBD~BD~ 2AC 

AE\ 



Co8.^B= 



AE 
Now -7—^= COS. A ((4) Art. 4) ; 



therefore cos. iA= cos. B =^ ./ —^ — 

V 2 

Next let A be an obtuse angle, as the angle BAO. 

rm. 1 -LA /I X COS. A 

Then also cos. \ A^=- ./ —^ 

V 2 
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JD JB 



Construct the figure as for the second part of Art. 59, 
Cos. i A =cos. BJ)G=^^' 

Cos. ^^^--cB^-j)Ey^BD-BD 

AD-AE f _^E\ 

~ 2AD ~^\ ACr 

AE 

But COS. A = "X"^) and is itself a minus quantity 

A E 

(Art. 43, (4) Art. 45), and therefore — y— is + cos. A. 

Therefore cos. iA= cos. BDC = J 1+l52!:j4. 

61. TTie three sides of a triomgle being hnown^ to 
solve the triangle. 

Let AB Ch^ an oblique-angled triangle, of which 
the sides «, 5, and c are given. It is required to find 
the angles. 

From B draw a perpendicular BD to A C^ot AG 
produced. 

{!) AD = AB COS. A = c cos. A (Art. 30). 

(2) Also, a^ + 2 & X ^ i? = 5^ + c^ (Euc. 13, II. 
Ch. 15, III.). 
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In (2) substitute the value ot AD already found 
in (1) and a* + 2 J c, cos. J. = J'* + c^ 



(3) Therefore cos.^ = 



2ho 



(4) Subtracting each member of (3) from (1), and we 

have 1 — cos. A = --; ' — = --^ — 

2io 2ho 

— (^ + ^ — ^) (^ + ^ "" ^X 
" 2ho 

Now let — ——^ — = 8 ; 

then^+^* = *- J; l+|:Zf = ,_,. and 
2 <i0 

& + g — a 
2 

Dividing (4) by 2, extracting the square root of 
both members, and substituting the values given for 

—y and 



= « — a. 



2 



2 



/ l — cos, j! _ /(*—*) (*— ^) 

y 2 y~ 



But 



/ 



*/ 



1 — COS. A 



io 



sin. J A (Art. 59). 



I 
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(5) Therefore sin. ^A=zJ (^~^) (^~^) . 
Again, adding 1 to both members of (3), 

(6) 1 + COS. A = XT = rr 

(a + 6 + tf)(ft + tf-a) 

Dividing (6) by 2, extracting tbe square root, and 
Bub Btitnting va lues for ^±^ and ^±p^, 

/ / ' 

/ I + COS. A _ /a {a— a) 

But V ^ + °^^'^ = COB. i A (Art. 60). 

(7) Therefore cos. Jul = V iifZI^). 
Dividing (5) by (7) we have 



(8)^HLi^ = tan.4^= / (*-&) (^-c) . 
We can prove in a similar manner : 
sm. i -g = ./ -^ ^-^^ ^ ; COS. 4 jB = . / — ^^ ^; 

and tan. i B = AlzAJfz:^. 

V 8 (s—i) 
Also : 

and tan. i (7 = v''5Ep3. 
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62. If tlie angle, as A^ J^ 
in the figure, be an obtuse 
angle, the expressions in 
(5), (7), and (8), of the pre- 
ceding article will still be 
of the same form. 

For we shall have : 

(1) a» - 2J X ^i? = J» + o« (Euc. 12, 11. Ch. 16, 

m.). 

Now AD = cX COB.BAD =zo X — cos. A (Art. 
46), and substituting this value in (1) we shall have 

—, the same expression as m cqua- 



cos. A = 



2ic 



tion (3) of the preceding article. Therefore we shall 
have the same expressions for sin. ^ A^ cos. ^ Ay tan. 
i Ay as in the preceding article. 

Find the angles of a triangle when — 
ExAMPLi 1. a = 6, 5 = 6, c = 4. 

Aru. A = 82'* 49' 10", C= 41* 24' 36". 
B = 66° 46' 16". 

2. a = 11, 6 = 13, c = 16. Ana. A = 43^* 2' 66", C= 83° 10' 22". 

B = 63° 46' 42". 

3. a i= 26, 6 = 26, e = 21. Ans, A = 66° 16' 4", C = 63° 63' 46". 

5 = 69° 61' 10". 

4. a = 222, b = 818, e = 406. 

Ans, A = 32° 67' 7", C = 96° 61' 66". 
-B = 61°10'68". 
6. a = 400, h = 840, e = 260. 

6. a = 1410, 1 = 2160, c = 3142. 

7. a = 620, 6 = 348, e = 192. 

8. a = 412, h = 662, c = 330. 

63. Second method of soJmng a triomgle when the 
three sides are Tcnown. 

Let AB Ch^ any triangle of which the three sides 
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are known. From S 
draw a perpendicular 
BD upon A (7, the 
C longest side, dividing 
-A. JO the triangle into two 

right-angled triangles, ABD and BBC. 

(1) BC^=z CB^ + BB^ (Enc. 47, 1. Ch. 14, IIL). 

(2) ^-g» = ^i?2 + .Bi?^ 
Subtracting equation (2) from equation (1), 
BC^-AB^^ CB^-AB\ 
Factoring, 
{BC+AB){BG'-'AB) = AC{CB^BA), 

(3) OI>-DA = iSO+AB^iBO-AB) 

A C 

"" J • 

Equation (3) will give the difference of the seg- 
ments of the base. Salf the base (or half the sum of 
the segments) added to half the differenoe of the seg- 
ments of the hose will give the greater segment, CB ; 
and half the difference of the segments of the base sub- 
tracted from half the base will give the smaller seg- 
ment, AB, Then, in each of the two right-angled 
triangles ABB^lh^ BGBy we have the hypotenuse 
and a side given, to solve the triangle (Art. 26). 

Solve the triangle when the sides are given : 
Example 1. a = 8, 5 = 6, c = 4. 

Am. Segments of a = 5.26, A = 104° 28' 89", ^=46° 84' 3", 

2.76, 0=28" 57' 18". 

2. a = 219, 6 = 91, c = ^46. 

Ans. Segments of «? = 203.479, A = 62** 51' 11", 0= 95" 26' 46". 

41.621, B = 21° 42' 4". 
■ 8. a = 1140, 6 = 718.9, c = 627. 



CHAPTER VII. 

BELATIONB OF THB TRIOONOMETBICAL BATTOB TO BACH 
OTHEB. — TSIGONOMETBICAL RATIOS OF TWO ANGLES. 



Aet. 64. I%e trigonometrical ratios of an angle in- 
terchangeable. 





Let B A O he the triangle of reference for the 
angle A. 

Sm. A = ; cos. A = . 

AC AC 

Squaring and adding, 

(a) Sin.^^ + cos,»^ = ^^' + f^' = l; 

sin. A = ±^i-coB.'A ; 
cos.^ = ±^l-sin.*A. 
(h) TaH. A = ?^^ (Art. 58). 



(c) Sec. A = 



COS. A 

AC 1 



AB AB^ COS. A 
A C 
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AB 

,^ ^ . . AB ^G _ COS. J. 

AC 

(e) CoBec. A = -:^-L= - p _ = -: — j- 
^ ' ^ (7 -g (7 sin. J. 

(/) Tan. A =^= -^ = —^^ 
^ ' AB AB cot. A 



BC 

(/) also follows from (J) and (<Z). 

, , „ . J. ^ / J^» Iab^-\-bc^ 

iff) ^^■^ = -Zb=\/ -AB^=\/ AB- 
, = V'l + tan.* ul. 

(A) C08ec.^=— =^^^=^ —WC^ 

= Vl + cot.U. 

65. By means of the equations established in the 
preceding article, it is possible to express all the trigo- 
nometrical ratios in terms of any one ratio. ' 

Thns to express the trigonometrical ratios in terms 
of the tangent : 

Sin. A = — ((e) Art. 64) = ^ 



cosec. A ' i^ 1 + pot. ^A 

1 _ tan. A 

/I I 1 V 1 4-tan.U 
Y "^tan.U 
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Cos. A = 



sec. J. i^l + tan.«J. 



Sec. A = Vi-i-tan.*^. 



Cosec. A = V i^c6t.^A = a/ 1 + 

__ / 1 + tan. ^A 

V' 



tan.^-4 



tan. A 



Cot. A = 



tan. A 



1. Given sin. A = 

2. Giyen cos. B =: 

3. Giyen tan. C = 

4. Given sec 2) = 
6. Given cot JS^ = 

6. Given cosec. ^= 

7. Given cos. G 
for G. 

8. Given tan. jET 
for IT. 



I ; find the remaining trigonometric ratios for A. 

I ; find the remaining trigonometric ratios for B. 

f ; find the remaining trigonometric ratios for C, 

8 ; find the remaining trigonometric ratios for D. 

{ ; find the remaining trigonometric ratios for K 
= i ; find the remaining trigonometric ratios for F» 
= ~}; find the remaining trigonometric ratios 



10 



= _ t* > ^^ ^® remaining trigonometric ratios 



66. The definitions of the trigonometrical ratios, as 



JS 




applied to an acute angle and to an obtuse angle, may 
be extended to any angle whatever. 

Thus, i£ AB C (the salient angle) be an angle greai- 
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€T them two right (mgles^ we form the triangle of refer- 
ence, BCD^ by drawing a perpendicular, from any 
point G in one side of tlie angle, to the other side, 
A B produced (Art. 3). Then— 

CD ' 

(1) Sin. AB C= -^-^y = a negative quantity (Art. 

41). 

CD 

(2) Tan. AB G= r^-z: = a positive quantity. 

BD 

(4) Cos. AB C = "^"Ty = a negative quantity. 

B C 

B D 

(5) Cot. AB C =^ TTri ~ * positive quantity. 

C D 

B C 

(6) Cosec. AB G = -^^ = a negative quantity. 

^so, if we draw a perpendicular from A upon CB 
produced, the triangle ABE will be the triangle of 
reference, and will be similar to GBD. (Euc. 4, YL 
Ch. 4, III. Cor.) 

Consequently — 

(t)Sm.^i<7=4|=||. 

(8) CoB.ABO=jf= 1^, etc 

67. To express the sine and the cosine of the sum 
of two angles^ in terms of the mies and cosines of the 
given angles. 

Denote one of the angles by a?, and the other by y, 
then we shall prove — 
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{a) Sin (a? + y) = sin. x cos. y -|- sin. y cos. x, 
(&) Cos. (a? + y) = COS. X COS. y — sin. x sin. y. 
First, let both angles be dcute. Let ABC and 




CJB D he two acute angles, whose sum ib A BD. It 
is required to find the sine ot AB D in terms of the 
sines and cosines ot AB Cy and of CBB. 

Denote the angle AB Chj x, and CBBhj y. 

In A Bj take any point Aj and from J. draw A P 
perpendicular to B Cy and A H perpendicular to B D, 
From P, the foot of the perpendicular from A upon 
B Cj draw P K perpendicular to B B^ and PL per- 
pendicular to ^ H. 

The angle LAP equals (7.jB J9, that is, y. 



Sin.^^i? = 



AH AL-\-PK AL , PK 



AB 
AP 



X 



AL . PK 



+ 



BP 



AB '^ AP ' BP 

Now, sin. ^ ^2> = sin (a? +y) > 
4 



X 



^^" 



74 
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Also, -7-;; = 8in. X ; 



AL 
AP 



= COS. y ; 



PK 
BP 



— sin. y; 



and 



= COS. ar ; 



BP 

AB 

Therefore, sin. (« + y) = sin. x cos. y-\-«aiy cos. x. 
Again, cos. (« + y) = cos. x cos. y — sin x sin y. 
For, the same construction being made — 



Cos. ABD- 



BH BK-LP BK LP 



AB 



AB 



AB AB 



BP BK AP LP 

~AB^BP AB^AP' 
But COS. ABD = cos. {x-\-y)\ 

BP BE AP 



Also, 



AB 



= COS. X ; 



BP 



= cos. y ; 



AB 



= sm. X ; 



and 



= sm. y ; 



LP 
AP 

Therefore cos. (x-j-y) = cos. x cos. y — sin. x sin. y. 




D 



Next let one of the angles, AB C,he an acute an- 
gle, and the other, GB D, be an obtuse angle. Denote 
ABGhjx, and CBD by y. 
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From A (any point in A B\ draw A P perpendicu- 
lar toB G^AH perpendicular to BD produced. From 
jP, where A P meets B C^ draw PK perpendicular to 
B D produced, and draw PL perpendicular to AH 
produced. 

The salient angle, ABB^ia the sum oi AB C and 
CBBy and equals (aj + y)- ABB is the triangle of 
reference {or ABB (Art. 66). Also (Euc. 4, 6. Ch. 7, 
III.), ZAPy which is similar to PKB^ the triangle 
of reference for CB J?, or y, may be used for the tri- 
angle of reference for y. The angle Z^ P is equal to 
the angle P^i^ 

By Art. 41, the lines -4 ZT, A Z, and B K^ B H^ are 
negative. We shall put the minus sign before them to 
indicate the fact. Now, 

Sin. ABD = ^44 (Axt. 66) = ~^^t^^ 

AB AB 

•^AL PK AP -AL PK PB 

"■ AB '^ AB^ AB^ AP '^PB^AB' 

But sin. ABB = sin. (« + y); 

Also j-^ = sin. x; ^^^ = -^-p- ((4) Art. 44) 

PIT . ^PB 

= COS. y ; -5-= = sm. y ; and -j-^ = cos. x. 

P B -A JS 

Therefore sin. (oj -|- y) = sin. x cos. y + sin. y cos. x, 

Agam, COS. AB JJ = — -r'=r = -r^ 

^ ' AB AB 

£P -BK AP PL 

~ AB^ BP AB^AP 
But COS. ABD = COS. (» + y) ; 
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Also, 



BP 
AB 



= COS. X ; 



-BK 



AP 



BP 
PL PK 



= COS. y ((4:) Art. 44) ; 



= sin. a?, and -7-=^ = -=r-T^ = sin. y ; 



AB ' AP PB 

Therefore, cos. (a? + y) = cos. x cos. y — sin. x sin. y. 

If both X and y are obtuse, it may be proved in a 
similar manner that — 

Sin. (a? + y) = sin. x cos. y + sin. y cos. x. 

Cos. (a> + y) = COS. a? cos. y — sin. a? sin. y. 

68. 7b eitpress the sine and the cosine of the differ- 
ence of two angles in terms of the sines and cosines of 
the given angles. 
Denote one of the angles by x, and the other by y; then, 

{a) Sin. (a? — y) = sin. x cos. y — sin. y cos. x. 

(J) Cos. {x — y)-=z cos. X cos. y + sin. x sin. y. 

M 




First, let both angles be acnte. 

In the figure let the angle M BD be denoted by a?, 
and the angle MB A by y ; then A B D will be (a? — y). 

From A^ any point in A B^ draw J. P perpendicu- 
lar to B JfcT, and A H perpendicular to B D, From P^ 
the foot of the perpendicular A P, draw -P^ perpen- 
dicular to BD. From A^ draw A L parallel to B D. 
A L will be perpendicular to P K. 
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The angle LP A is equal to MBD\ that is, to a?. 
.. .„^ AH PK-PL PR PL 

PK PB AP PL 



X 



X 



also, 



PB'^AB AB^AP' 
Now, sin. A BD = ein. (« — y) ; 
PK . PB AP . 



and 



PB 
PL 

AP 



Bin. x: 



' AB 



COS. y, 



AB 



= 8m. y; 



= COB. X ; 



Therefore, sin. (x — y) = sin. x cos. y — sin. y cos. x. 

5ir BP . AL AP 



X 



+ 



X 



also. 



BP'^BA ' AP^AB' 
But COS. ABI> = COS. (» — y) ; 
^JT ^P ^Z 



and 



BP 
AP 



= COS. » ; 



' 'BA~^''^'' Jp = ^-*5 



^^ 



= sm. y; 



Therefore, cos. (x — y) = cos. x cos. y + sin. a? sin. y. 
Next, let one angle be obtose and the other acate. 




In the figure, let MB D, the obtuse angle, be de- 
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noted by Xj and let ABM he the acnte angle, denoted 
hjy. Then ABDia{x'-y). 

The constmetion is Bimilar to the constmction of 
the preceding figure. 

From Aj any point in A -B, draw A S pei'pendicu- 
lar to jB J9, and A P perpendicular to B M. From P^ 
the foot of the perpendicular A P, draw PJT perpen- 
dicular to BD produced. Also, from A draw^Z 
parallel to B D^ and meeting PK produced through 
P, at Z. The angle LP A is equar*) PBK, and the 
triangle ZP A 18 similar to the triangle P B K^ the 
triangle of reference for MB D^ that is, a?. 

AB AB 

PK PB^.AP^ PL 
~PB^ AB'^ AB^ AP' 

Now, Bin. A BD = sin. (x — y); 

. PK . PB .AP . 

also, jp-^ = Bin. »; — ^ = cos. y ; and — — = sin. y. 

Again, - -^ = ^^T^ = COS. a> ((4) Art. 44) ; 

therefore, -7-?. = — cos. x. 
AP 

Therefore, sin. (a? — y) = sin. z cos. y — sin. y cos. a;. 



Cos. ABD = 



AB~ AB 

-KB PB.AZ AP 
~ PB ^ AB^AP^ AB' 
Now, COS. ABB = cos. {x — y); 
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, --KB PB AL PK 

also, ^p^ = COS. a.; -^ = co8.y; ^^ -^ -pB 

.AP . 
= sm.a?; and . ^ = sin.y. 
' AB ^ 

Therefore, cos. (a? — y) = cos. x cos. y + sin. x sim y . 
If both X and y are obtuse, it may be proved, in a 
similar manner, 

sin. (» — y) = sin. x cos. y — sin. y cos. a?, 
cos. {^^'kj)^:^ cos. a? COS. y + sin. x sin. y. 

69. By addition of equation (a) of Art. 67 to eqmi- 
tion (a) of Art. 68, we have 

(a) sin. (a + y) + sin. (a? — y) = 2 sin. oj cos. y. 
By subtraction, we have 
(J) sin. (» + y) — sin. (oj — y) = 2 sin. y cos. a?. 
By addition of equation (J) of Art. 67 to equation 
(J) of Art. 68, we have 

(c) COS. (a? + y) + cos. (a? — y) = 2 cos. x cos. y. 

By subtraction, we have 

{d) COS. {x — y) — COS. (a? -j- y) = 2 sin.a? sin.y. 

70. In equation of preceding article, let a? + y = a 
and x — y =^T>. 

Then, finding values of x and y in terms of a and J, 

a+ J a — h 

X = — - — ; y = — - — . 
2 * ^ 2 

Substituting these values in the preceding equations, 
in order : 

(a) sm. a + sm. 6 = 2 sm. — ~— cos. — -— . 

2 2 

(5) sm. a — sm. 6 = 2 sm. — — - cos. — r— . 
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{c) COS. a + COS. 6 = 2 cos. — — cos. — - — . 

(a) COS. — cos. a = 2 sm. — — sin. — - — . 

• The above f ormuto are useful in logarithmic calcu- 
lations. 

71. Dividing (a) of the preceding article by (5), we 
have 

, sin. a + sin. h a + ft a — h 

{a) —. : — r- = tan. — -— cot. — -— 

^ sm. a — sm. 6 2 2 

tan. — - — 



tan. - 



2 

Dividing (c) of the preceding article by {d)j we have 

,,^ COS. a + COS. ft a + ft a — ft 

.(ft) = = cot. — r — cot. — - — 

COS. ft ■— COS. a 2 2 

g + ft 

cot. — r— 



72. Tan. (a? + y) = 



a — ft 
tan. — - — 
2 

sin. (jB + y) 



COS. (a? + y) 
_ sin, a? cos, y -}- sin, y cos, a? 
COS. a? COS. y — siQ. X sin. y 

Divide numerator and denominator of the last frac- 
tion by cos. X COS. y: 

(a) tan. (a? + y) = :i — -^— — ^• 

\ y \ -r;/j i _ tan. a? tan. y 
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In a similar manner it can be shown — 

tan. X — tan. y 



(J) tan. (» — y) = 



1 + tan, g} tan. y 



Again, as cot. (» + y) = tan.(a; + y) ^^ ^^' ^^^' 

. , . X 1 — tan.atan.y 

(c) cot. (x4-y) = -— 

\j \ -rjj tan.a + tan.y 

1 1 

X 



cot. X cot. y cot. X cot. y — 1 

"" 1 1 cot. y + cot. X ' 

+ 



cot. X cot. y 
.^ , ^ cot.a?cot.y4-l 

(<?) may also be proved directly, thns: 

COS. (aj + y) COS. a? cos. y — sin. 03 sin. y 

cot. {x-j-y) = -; — } — ; — : = -; ; — ; . 

. ^' sm.(aj+y) sm. a? COS. y + sm. y cos. a? 

Divide numerator and denominator of last fraction 

by COS. X COS. y. 

1 — tan. X tan. y 

*^ tan.aj + tan.y ' 

Divide numerator and denominator of same frac- 
tion by sin. x sin. y. 

/ _i cot. X cot, y -- 1 

*^ "ry/— cot.y + cota? * 
(^ naay be proved in a similar manner. 

73. Sine and cosine of an angle in terms of the sine 
and cosine of half ike angle^ amd in terms of tangent of 
half the angle. 
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In equations (a) and (ft) of Art. 67 let y = «, then 

2 8m. X 

, . . ci o • ^^^'^ 2tan.aj 
(a) Bin. 2 a; = 2 sm. a? COS. a? = — :; — = ^ 



JL sec. a; 

COS.* X 

2 tan. X 



1 + tan.*»' 
(J) COS. 2 a; = cos.' x ■— sin.* a? = 1 — 2 sin.* a? 
= 2cos.*a? — 1 



1- 



sin.* X 



COS.* X 1 — tan.* x 



1 + tan.* a? 



COS.* X 

74. Tangent cmd cotangent of a/n angle in terms of 
the ta/ngent and cotangent of half the angle. 

In equations (a) and (c) of Art. 72 let y^x^ then 

2 

, . ^ 2 tan. X cot. a? 2 cot. x 

{a) tan.2aj = :; — r— = — = — -r r. 

^ ^ 1 — tan.* a? 1 cot.* a? ■— 1 

cot.* a? 
f o — 1 — tan. *a? __ cot.* a? — 1 
2 tan. a? "" 2 cot. x 

75. Sine^ cosme, anid tangent of half am, angle in 
terms of the cosine of the a/ngle. 

From (J) of Art. 73 we have, by transposition, 
2sin.*aj = 1 — cos.2a5; and 2cos.*a? = 1 + C08.2a?. 

(a) Therefore, sin. x = J 1 - cos- 2 «>; 



/M «^« ^ / 1 + cos. 2 a? . 
(6) COS. a? = |/ ^ ^ > 
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equations which have abeady been derived by geomet- 
ric methods (Articles 59 and 60). 
Dividing {a) by (S), we have 

^ 1 — COS. 2 X 



^ r 1 + COS. 2 X 



Example 1. Find sin. 8 x = sin. (2 k -f" *) ^ terms of sin. 2. 

2. Find cos. Sx in terms of oos. z, 

3. Find oos. Ax in terms of sin. z. 

4. Find cos. 62 in terms of sin. z. 

5. Find sin. 62 in terms of sin. z and cos, z. 

6. Provesin.(30'4-2)4-Bin.(60**+2) = i(l4- V8)(Mn.«4-C08.x). 

7. Frovecos.(30°4-a:) + cos.(60°4-2)=J(l4- V3)(cos.2 — sin.2). 

8. Prove sin. (45** + ») 4- cos. (45° 4- «) = V^cos. z. 

9. Prove sin. (46' 4- z) + cos. (46' + z) = sin. (45° — z) 

4- oos. (46° — z). 

« ^ „ . r o . 2(1 4- tan." z) 

10. Prove tan. (45° 4- «) 4- tan. (46° - z) = ^^ -'. 

(1 — tan.' z) 

4 tan. z 

11. Prove tan. (z 4- 46°) 4- tan. (z - 46°) = -—. 

1 — tan.' z 

12. Show that sin. 75° 4- sin. 15° =V~^, 

13. Show that sin. 75° — sin. 16° = cos. 45°. 



14. Show that cos. 22i'° — cos. 67i = y - 



2 ~ V^ 



15. Show that cos. 67i° 4- cos. 22i = |/ 1_!L?. 

16. Show that sin. (90° 4- z) = cos. z. 

17. Show that cos. (90° + z) = —sin. z. 

18. Show that tan. (90° 4- z) = —cot. z. 

19. Derive the sine, cosine, and tangent of an angle of 18°. 
Suggestion. Let z = 18° ; 5z = 90° ; 2z = 36° ; 3z = 54° ; there- 
fore, sin. 2 z = cos. 3 z. Expand both terms and solve the equation. 

20. Derive the sine, cosine, and tangent of an angle of 15°. 
Suggestion. Let 2 z = 30° ; then z = 15°. Use Art. 14 and equa- 
tions of Art. 75. 
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21. Derive the sine and cosine of an angle of 7° 80'. 

22. Derive the Bine, coeine, and tangent of an angle of 22*" 80'. 
28. Derive the Bine and cosine of an angle of 168"^ 45'. 

24. Derive the Bine and cosine of an angle of 176° 15'. 

25. Derive the sine and tangent of an angle of 9°. 

26. Derive the sine and tangent of an angle of 24^ 

27. Derive the cosine and secant of an angle of 6^ 

28. Derive the sine and tangent of an angle of 168^ 

29. Prove tan." z sec.' z — sec* « 4- 1 = tan.* x. 

^ . Bin. z 1 ' 

30. Prove sec.' z + — — = . 

COS.' z 1 — sin. z 

81. Prove sec. z cosec. z tan. z = sec.' z. 
a b sec' e ab 



82. Prove 

83. Prove 



a» — 6» tan.' e a* cos.' «— 6' sin.' $ 
n sec' B n 



1 -h n* tan.' cos.' © 4- n' sin.' e 
34. If tan. 8 z cos.' 8 x = tan. z cos.' z, find z. Ana. z — 22"* 80'. 

85. If a — 6 tan. z = (a-'b) Vl + tan.' z, find tan. z. 



— a6±(a — i) V2a6 

Aru. + i — H — £ ' 

a' — 2 ao 

86. If cos.'^ = sin. 2^ sin. 4>, find 4>, 

87. If 1 — a' cos.'z = 2 a' sin.'z, find sin. z and cos. z. 

88. If a' oos^'x sin.'a; 4- sin.'aj 4- a' oos.^z = cos.'a:, find sin. z. 



Ans. Sin. z 



r 2 — a' 



89. Given sin. z + cos. 2z = i; find x. 

40. Given sec z 4- tan. x = ( ; find x. 

41. Given tan. x 4- cot. x = 10 ; find x. 

42. Given sin. x 4- cos. x = |^ ; find x. 



CHAPTER yni. 

EfYERSE TEIGONOMETBIO FUNCTIONS.— CIRCULAB MEASUEE 

OF AN ANGLE. 

Aet. 76. If two quantities are so connected, tliat if 
one of them changes tlie other changes also^ the second 
is said to be 2k function of the first. 

Thus the sine, cosine, and tangent of any angle are 
functions of the angle, for when we change the angle 
the sine, cosine, tangent, etc., also change. In this 
sense, the trigonometric ratios of an angle are called its 
trigonometrio functions. 

If we consider the angle and any one of its func- 
tions as two variaUeSj the angle will be the inde- 
pendent variable, and the function the dependent va- 
riable. 

Thus in the equation y = sin. a?, when x changes 
y also changes, but the change of y depends upon the 
change of a?. '' 

Now, if we wish to consider the angle as a function 
of one of its trigonometric ratios — that is, if we wish 
to represent the angle as the dependent, and the ratio 
as the independent variable, we use a system of in- 
verse notation, in which the negative exponent — 1 is 
employed. 

In the equation y = sin. a?, y is a function of x ; but 
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if we wish to express a? as a function of y, we indicate 
the relation between y and x in the form : 

X = sin.""^, 

and read the equation, a; is an angle whose sine is y. 

The relation between the angle and its other trigo- 
nometric ratios may be expressed in the same way. 

Thus X = QO%r% X = tan.""^!^, z = sec.~* ^, 

may be read ; x equals an angle whose cosine is s / x 
equals an angle whose tangent i^w ; 2 equals an angle 

whose secant is 7. 



The expressions sin."^, cos.~^ tan.~^, sec.~^-, 

etc., may stand alone, and are called irvoerse trigbno- 
metrio functions. 

They may be read: an angle whose sine is y, an 
angle whose cosine is 2, etc. 

77. In a circle whose radivrS is unity^ to find the 
length of an arc of a/ny numier of degrees^ minutes^ 
and seconds. 

Denote the circumference of a circle by <7, its radius 
by ./?; then C=^irR (Ch. Art. 40, V.). 

Making radius equal to unity, we have C=^2ir. 

That is, 2 TT is the length of the circumference of a 
circle whose radius is unity. As there are 360** in the 

1 TT 

whole circumference, 1°= -— of 27r, or — -. 
1'= — of — - of 27r, or 



60 360 ' 60 X 180 
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1 = rr of rr t~ , or 



60 60 X 180' 60 X 60 X 180' 
Denote the arc by a; then, generally, the length of 
an arc of n degrees in a circle whose radius is unity {n 
being any number, whole or fractional), is expressed by 
the equation, ^ n'Fr 

180 
78. In the ordinary measure of an angle and its in- 
tercepted arc by degrees, minutes, and seconds, the 
unit of an angle is the -^th part of a right angle, and 
the unit of arc is the ^^th part of a quadrant (Gh. Art. 
54, II.). 

In the drcvla/r measure of an angle and its inter- 
cepted arc, the tmit of angle is an angle at the centre 
of a cvrcle^ subtended hy a/a arc equal to ike radius of 
the circle ; and this arc is th^ v/nit of arc. 

79. The angle at the cent/re of any circle subtended by 
B ^ €t'n, arc equal to the ra- 
dius of the circle is a con- 
stant quantity. 

In the figure, suppose 
AD to be an arc equal 
in length to the radius, 
A B^ of the semicircle ADC. Denote the radius by 
R ; R will also represent the arc A D. 

The length of the semicircle, AD G^ equals irR 
(Ch. Art. 40, v.). 

„ .i.f , = -F^ (Euc. 33, VI. Ch. 19, II.) 
2 right angles ADC^ ' 
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M ^ T, 2 riffht angles 
therefore ABB— — 5 ° — 



TT 




But — ^ — is independent of the radius of 

the circle, and, therefore, a constant quantity. 

Therefore the angle ABD^or an angle at the cen- 
tre of any circle subtended by an arc equal to the 
radius of the circle, is a constant quantity. 

80. Let BA C be any 
angle at the centre of a cir- 
cle, and be denoted by A. 
^^ Denote the intercepted arc, 
B Cy by a. Let B Ey an arc 
equal to the radius of the cir- 
cle, be denoted by ?', and let 
BAEy the subtended unit of angle, be denoted by u. 

A a 
Then — = - (Euc. 33, VL Ch. 19, II.) ; but, as t^ is 

the unit of angle, we have 

A=^ (Ch. 20, II.). 

That is, the circvlar measv/re of cm cmgle is ex- 
pressed hy the ratio of the subtended arc to the radius 
of a circle described from the vertex of the angle as a 
centre. 

81. Four right angles at the centre of a circle are 
subtended by the whole circumference, or by 2 tt r 
(where r denotes the radius). Therefore, by the pre- 
ceding article. 
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4 right angles = = 2ir; that is, 

the circular measure of 4: right angles is 27r. 

ITT 

The circular measure of 2 right angles is — = tt ; 

ITT IT 

of 1 right angle is — = — ; etc. 

a 

82. If, in the equation -4 = -, we let r = 1 ; that 

is, if we find the circular measure of an angle at the 
centre of a circle whose radius is unity, we derive the 
equation A^=.a\ that; is, the circular mecLsure of any 
a/ngle^ at the centre of a circle whose radius is unity ^ is 
equal to the length of the arc subtending tTuit a/ngle. 

83. Now, let A be the circular measure of any 
angle, and n the number of degrees, minutes, or sec- 
onds in the angle, n being integral or fractional ; then, 

by Arts. 82 and 77, 

^ nir 

which is the general expression for the circular meas- 
ure of any angle, when the degrees, minutes, or sec- 
onds which it contains are given. 

Li this system of measuring angles, an angle of : 

860 
4 right angles or an angle of 860** = ir or 2 ir ; or 

4 right angles = 2 ir = 6.2831854 ; 

180 

2 right angles = » = ir = 8.1416927 ; 

^ ** 180 

90 It 

1 right angle = ir = - = 1.5707963. 

^ ^180 2 



90 THE ELEMENTS OF PLANE TRIGONOMETRY. 

45 w 

an angle of 46° or ^ right angle = — » = - = .7868982 ; 

60 w 

an angle of 60° = ir = - = 1.04Y19Y6 ; 

^ 180 3 

80 w 

an angle of 80' = » = - = .6236988 : 

^ 180 6 

an angle of 1° = -^ = .01746829 ; 
° 180 ' 



an angle of 1' = = .000290888 ; 

^ 60 X 180 ' 



an angle of 1" = = .00000486. 

^ 60 X 60 X 180 



84. To find the nuwher of degrees^ mmtUes^ and 
seconds in the unit angle of cvrcfula/r mecmtre. 

In Art. 79 the unit angle is shown to be equal to 
2 right angles 

TT 

2 right angles are measured by 180** : 
Therefore the unit angle = 
180° 180° 



TT 3.1415927 



= 57°.295779 = 57°17'44.8.^ 



85. To change the measure of an angle in degrees^ 
minuteSy or seconds^ to the equivalent circular measure ; 
and con/oerselyy to change the ci/rcular measure of an 
a/ngle to its measure in degrees^ minutes^ or seconds. 

Let A be the circular measure of any angle, n the 
number of degrees, minutes, or seconds which it con- 
tains, n being any number, integral or fractional. Ac- 
cording to Art. 83, 



I 
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(1) A = j~; therefore, 

180 
{2)n = A~ = Ax 57.295779. 

To change degree measare into circular measure 
we use equation (1) ; to change circular measure into 
degree measure, we use equation (2). 

1. Show that tan.—* 1 + tan.—* (— 1) = ». 

1 Vs" « 

2. Show that Bin.-* — + sin.— i — Z-s Z. 

2 2 2 

3. K sin.—* X + sin.—* — x = — , find x. Am, z = — — . 

83 4 6 

4. Prove Bin.—* — = Bin.—* — — Bin.—* — . 

66 6 13 

6. ProveBin.-! (^j(^±l^\ ^rfn-, ?-+ 8in.-i -. 
\ 24 / 8 8 

6. Prove Bm.-* /'8i^+2i^\ _ ^^_, l_ ^ 1 

V 12 / 4 8 

29 6 1 

7. Prove tan.—* — = tan.—* — + tan.—* — . 

14 6 4 

,16 18 1 

8. Prove tan.—* — = tan.—* — — tan.—* — . 

17 7 8 

9. Find the number of degrees, minutes, and seconds, in an angle 

whose circular measure is — . Ans, 12° 61' 26.7". 

14 

10. find the number of degrees, minutes, and seconds, in an angle 

whose drcular measure is — . 

13 

11. Find the number of degrees, minutes, and seconds, in an angle 

6 6 

whose circular measure is — , that is, — of the unit angle. 

6 6 

Am, 68^* 46' 17.77". 
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12. Find the number of degrees, minutes, and seconds, in an angle 
of which the circular measure is .763. 

13. What is the circular measure of an angle of 11"" 15' ? Ana. — . 

^ ^ 16 

14. What is the circular measure of an angle of 1° 80' ? 

15. What is the circular measure of an angle of 1° 30' ? 

16. What is the number of degrees, minutes, and seconds, in an arc 

40 feet long, in a circle whose radius is 35 feet ? 

« , .. T> . ^ . , .arc 180° 
SoiiUton, Degrees in arc = degrees in angle = umt x = 

radius «■ 
40 8 

X — = 67°.295779 X - = 65** 28' 51".2. 
36 1 

17. What is the number of degrees, minutes, and seconds in an angle 
subtended by an arc of 25 feet in a circle whose radius is 15 feet ? 



CHAPTER IX. 



AITGLES MAYING CORRESPONDING TRIGONOMETRIC FUNOnONS 
OF THE SAME NUMERIOAL VALUE. — TABLE OF IMPORT- 
ANT TRIGONOMETRIO FUNCTIONS. ANGLES GREATER 

THAN FOUR RIGHT ANGLES. — ^POSITIVE AND NEGATIVE 
ANGLES. 

Art. 86. Angles having corresponding trigonome- 
tric functions of the sa/me numerical vaU/ue. 




In the figure, let XJT and Y Y\ two lines at right 
angles at O, be the initial (Art. 41) lines. 

Beginning with JTOY, and going from right to left, 
call XO Y the first quadrant^ YOX' the second 
quadrant^ X' O Y' the thi/rd quadrant^ and Y' OX 
XhQ fourth quadrant. 

Let two lines, A H and EKy be drawn making 
equal angles with XX' and intersecting XX' and one 
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another at tlie fiame point, O. Then will the angles 
XOAy EOX\ X'OH, and JTOX be equal to one 
another. 

If, now, we take the points -A, JF, jffj and K^ equally 
distant from O, and join the points A and K by the 
straight line A Kj and the points E and H by the 
straight line EHj we shall have four equal right-angled 
triangles, B0A,E0Q,O OHy and i^(?^ (Euc. 4,L 
Ch. 20, 1). 

Besides these four right-angled triangles, there can 
be no others equal to them, having their bases and per- 
pendiculars in the same relative position, with respect 
to the initial lines and the point O, 

Reckoning the angles from OX (from right to left) 
through the four quadrants, there will be, therefore, 
only four angles, having equal t/ricmgles of reference 
(Art. 3). 

The triangle of reference for an acute angle will be 
in ihe first quadrcmt ; for an obtriee angle, in the second 
quadrant ; for an angle greater than tvoo right angles 
but less than three right angles^ in the third quadrant; 
for an angle greater tham, three right angles hut less than 
four right angles, in ^q fourth quadra/nt. 

The numerical values of the six trigonometric func- 
tions, sine, cosine, tangent, cotangent, secant, and co- 
secant, of these four angles will he the same (Euc. 4, VI. 
Ch. 4, III). 

Thus the angles B OA^ B E^ and the salient angles BOH and 
B Ky will have equal triangles of reference, and, consequently, equal 
numerical values for the corresponding trigonometric functions, sine, co- 
sine, tangent, cotangent, secant, and cosecant. 
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87. To find expressions for the four angles whose 
trigonometric functions h/x/ve the same numerical value. 

In the figure, denote the angle BOA by a, then 
each of the equal angles, EOG^GOH^^sA KOB^ 
will also be denoted by a. 

BOA.B OE, the salient angles B <?i7and BOK, 
are the angles which have the same numerical values 
for their corresponding trigonometric functions. 

BOA=ia. 

^O^=2rightangles-J?(?(?=180^-a=w-a. 

B OH=i 2 right angles+ G O J7=180^+a=7r+a, 

B OE=z 4: right angles - KOB = 860^ - a 

= 27r — a. 

Denoting then any acute angle by a, the four angles, 
which have the same numerical values for their cor- 
responding trigonometric functions, are : 

a, 180° --a, 180°— a, 360°— a; or, 

a, TT — a, TT -|- a, 2ir — a. 

88. To find the signs of the trigonometric functions 
of angles ha/oing equal triangles of reference. 




Li the figure, let the construction be the same as in 
Art. 86. 

In the first quadrant, the perpendicular and hose of 
the triangle of reference, AOB^ slto positive (Art. 41); 
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therefore, as the hypotenuse is positive, all the trigono- 
metric /mictions of an angle in the ji/rst quad/rant a/re 
positive^ all the ratios having like signs in both their 
terms. 

In the second quadrant, Y 0X\ ^q perjpendicular 
is always positive, while the hose is always negative/ 
therefore, where the triangle of reference is in the sec- 
ond quadrant, the trigonometric functions of the angle 
in which the perpendicular' occurs with the hypotenuse 
are positive, both terms of the ratios having like signs ; 
and the trigonometric functions in which the hase occurs 
are negaime, as the two terms of these ratios have oppo- 
site signs. 

That is, of an obtuse angle the sine and cosecant are 
positive, but the cosine, tangent, cotangent, and secant 
are negative. 

In the third quadrant, X'O Y', the perpendicular 
and hose are both negative; therefore, where the tri- 
angle of reference is in the third quadrant, the trigono- 
metric functions of the angle in which the perpendicu- 
lar or lase occur with the hypotenuse are negative/ but 
those in which the hase and perpendicular occur to- 
gether are positive. 

That is, of an angle greater than two right angles 
and less than three right angles, or greater than ir and 

less than — -, the sine, cosine, secant, and cosecant are 
2 

negative, but the ta/ngent and cotangent prepositive. 

In the fourth quadrant, Y'O X, the perpendicular 
is always negative, while the base is positive; therefore, 
when the triangle of reference is in the fourth quad- 
rant, the trigonometric functions of the angle in which 
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the perpendicular occurs are negative; and the trigono- 
metric functions in whicli the iase occurs with the 
hypotenuse SLve positive. 

That is, of an angle greater than three right angles 

and less than four right angles, or greater than — and 

less than 2ir, the sine^ tangent^ cotangent^ and cosecant 
are negative^ but the oosine and secant are positive. 

The versed sine is always positive. 

The following table will show the results of the pre- 
ceding article : 



ANGLE. 


Snr. 


Tah. 


Bko. 


CoBur. 


COTAN. 


C08BO. 


Vebsin. 


> and <- 

2 


+ 


+ 


+ 


+ 


4- 


+ 


+ 


>— and <» 

2 


+ 


— 


— 


— 


— 


+ 


+ 


^ ^ 8ir 
> IT and < — 


— 


+ 


— 


— 


+ 


— 


+ 


> — and < 2ir 
2 


— 


— 


+ 


+ 


— 


— 


+ 



89. ParticuLa/r angles having equal t/ria/ngles of ref- 
erence. 

(1) In the figure of Art. 86, \et AO B or a, equal ; 
then the expressions, a, tt — a, tt + «j Stt — a (Art. 87), 
reduce to 0, tt, and 2 ir ; 

Therefore the corresponding trigonometric functions 
of 0, TT, and 2 tt, are equal in numerical value (Art. 39). 

As the perpendicular of the triangle of reference 
5 
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disappears at 0, at tt, and at 2 tt, tJie signs of the trigo- 
nometric ratios, in which the perpendicular occurs, will 
be undetermined; but, as the base remains, the signs 
of the ratios in which the lase occurs with the hypote- 
nuse will be determined by the sign of the base, and 
will therefore \y%positvoe at and 2 tt, but negative at tt. 

Let A O B or a equal -^ ; then the expressions 

a, (2) 7r— a, 7r + Oj 27r— a, reduce to ~ and -^-r- ; there- 

2 2 

IT 

fore the corresponding trigonometric functions of — and 

2 

Stt 

-— are the same in numerical value (Arts. 35, 36, 37, 

38). 

As the base of the triangle of reference disappears 

ir 37r 

at — and at -r-, the signs of the ratios in which the hOfSe 

2 2 

occurs will be undetermined; but as the perpendicular 
remains, the signs of the ratios in which the perpen- 
dicvJ/r occurs with the hypotenuse^ will be determined 
by the sign of the perpendicular, and will therefore be 

positive at —, but negative at -— • 
2 2 

TT 

Let fit = T ; then, by Art. 87, 
(3) J, ^, ^, il!L, ^m have their corresponding 

D O O O 

trigonometric functions the same in numerical value 
(Art. 14). 
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IT 

Let a = — ; then, 

^^ J' ""T"' T"> "I"* ^^^ ^*^® their corresponding 
4 4 4 4 

trigonometric functions the same in numerical value 
(Art. 15). 

Let a = — ; then, 

IT 2w 47r Sir 
(5) -, — -, — -, — -, will have their corresponding 

trigonometric functions the same in numerical value 
(Art. 16). 

The signs of the functions (3), (4), and (5) will be 
determined by Art. 88. 

(90) The following table will show the results of the 
preceding article : 
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(91). AngXes greater them four right angles. 

C If the line ^ C be conceived 

as first coinciding with A B^ and 
then to revolve about A^ from 
right to left, till it again coincide 
"B with A B^ it will pass through 
four right angles. If, after coinciding with A B^ it 
still continues to revolve, from right to Jeft, till it takes 
the position oi. A C (in the figure), it is said to make 
with A B an angle greater than four rigid ambles. 

Let GA B be denoted by a. Then the angle, greater 
than four right angles, which C A makes with A Bj 
will be expressed by 27r + «• 

If C J. be revolved twice through four right an- 
gles, and then continue to revolve till it takes the 
position A C; the angle, greater than eight right an- 
gles, which A C makes with A B^ will be expressed 
by 47r -}- a. 

Generally an angle greater than four right angles 
may be expressed by 2n7r + a, where n is any inte- 
gral, and a is the excess of the angle over 2/i7r. 

92. Trigonomet/rio funotionQ of angles greater than 
four right angles. 

It is evident, from the figure, that the trigonometric 
functions of the angle 27i7r -f- a will be the same as 
those of a, as they will have the same triangle of ref- 
erence. 

Therefore^ to find the trigonometric ratios of am, 
angle greater than fowr right a/ngles^ we subtract from 
the angle four right angles ^ or some multiple of four 
right amgles^ amd take the trigonometrio radios of the 
remaining a/ngle. 
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Thus sin. (2nv + a) = sixL a. 
tan. (2fiv + a) = tan. a. 
sec. (2nv + a) = sec a. 
COS. (2nv + a) = cos. a. 
cot (2nv + a) = cot a. 
cosec. (2nv + a) = cosec. a. 
yersin. (2nw + o) = versin. a. 

93. It has been Bhown that an acute angle, an 
obtuse angle, an angle greater than two right angles, 
an angle greater than three right angles, an angle 
greater than four right angles, all have equal tri- 
angles of reference (Arts. 86, 91). 

Therefore the relations (established for acute and 
obtuse angles, in Chapter VII.), of trigonometrical func- 
tions of the same angle to each other, and the relations 
of the trigonometrical functions of the sum or differ- 
ance of two angles to the functions of the angles, and 
the relations following these, may also be considered 
as established for any angle whatever, as all these rela- 
tions depend upon the triangles of reference. 

94. Positive and negative ambles. 

If a horizontal line, KB^ be taken as an initial line, 

^^ and a straight line, as 
A Cj be made to coin- 
cide with A By and 

^ -^^ j9 then to revolve about 

A from right to left, 
assuming various posi- 
^^ tions, the angles which 
it then makes with A B are positive angles. 

If the line AGh^ revolved about J. in a contrary 
direction (i. e., as the hand of a watch), the angles which 
it then makes with A B are negative angles. 




K 
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Thus, in the figure, B AG i& a positive angle ; 
JS-d. jE'is a negative angle. 

95. Helations between the trigonometric functions of 
positive angleSy and of equal negative a/ngles. 

In the figure, letKJS be the initial line; BAG 
be a positive angle ; and 

BAE^-Q. equal negar ^^ 

tive angle. Denote the 
angle BAG by a; 
then J9^ J? will be de- 
noted by — a. 

From (7, any point 
in A (7, draw a perpendicular to A Bj and produce it to 
meet AEin E, 

The two triangles of reference, GAUdJid HAE^ 
are equal in all respects, except that the sign of EH 
is negative, while the sign of GSv& positive; therefore 
the trigonometric functions of —a will be numerically 
equal to those of a, but the signs of the functions of the 
two angles in which the perpendicular occurs will be 
unlike, while the signs of the functions in which the base 
occurs with the hypotenuse will be the same (Art. 41). 

Thus, sm.( — a)=-7-^=— :^rv" = — sm. a; 
' ^ ^ AE GA 

. , ^ EH -^GH 
tan. (~a) = -^^=-j^ = - tan. a; 

, , AE AG 

, , Aff AH 
COS. (-«) = Xg;=X^ = co8. a; 

, , AE AH 

cot. (- a) = -gi-^ = — ^7^= - cot. a ; 
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, , AE A G 
Cosec. (— a) = ^r7v= — 77^= "" cosec. a ; 

Versin. (— a) = 1 — -j-^ — 1 — -7-77 = versin. a. 

ExAMFLB 1. Find the sine and cosine of — , and of • 

8 8 

2. Find the sine and cosine of a, T^etf-r + €iiy and 2 t — a, where 
a = l6\ 

3. What angles are expressed in degrees by ir(n ± ^), n being or 
any integral number ? Write the sines of these angles. 

4. Write the cosines for the series of angles expressed by v{n±^)j 
n being 0, or any integral. 

5. Write the tangents of the series of angles ir(ni:}), n being 0, 
or any integral. 

(2n + l)T, 

6. Write the trigonometric ratios for the angles 

n being 0, or any integral. 



sec 
7. Prove ' 



•'(M) 



o. . . . C0S.Z 

2 tan. 






sm. . _ 

2 
8. Prove 1 4- 



/» \ 1 + tan. X 



« , .• Bm.y coa.x 

9. Prove that x + ^ y = ir, if H = 0. 

1 — cos.y sin. a: 

10. Find two circular measures of which will satisfy the equation 

cos. + COS.' 6 = sin.' 0, Arts, $ = — and 6 = ir. 

8 

11. Find two circular measures of which will satisfy the equation 

Sir T 

2 cos. sin. 20 — 2 cos. 2 0=2 cos. 2 sin. 0, Ans, = — and — . 

2 6 

12. Find one circular measure of ^ which will satisfy the equation 

3 sin.* ^ + 2 sin. ^ = 1. 



CHAPTER X. 



TEIGONOMETEIO FmfOTIONS BEPBESBNTED BY LINES. 

OUTLINE OF THE METHOD OF OONSTBUCriNG TBIGONO- 
METBIO TABLES. 

Aet. 96. The trigonometric functions of an angle 
are sometimes represented by lines having certain posi- 
tions in, or with respect to, a circle described from the 
vertex of the angle as a centre, and with a radius re- 
garded as a unit of length. 



D 





y^ -p 






(-' 




M 


^X^^^ 


A i 


57 



n 




Li the figure, let B AC\ye any angle. 

From the vertex A^ as a centre, with any unit of 
length as a radius, describe the circle B GL^ intersecting 
the sides of the angle at B and G. At A draw D A^\, 
right angles to A B. From G draw GE^t right angles to 
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AB or AB produced. From B draw the tangent 
B ZT meeting A C produced at H. Also, from C draw 
GF perpendicular to AB and from B draw the tan- 
gent B Q. 

Let A Cj produced through the centre, meet the cir- 
cumference at Mj and the tangent BHht H. 

From M draw MN perpendicular to A By or A B 
produced. 

The sine of an angle (or its subtending arc), is the 
perpendicular drawn from one extremity of the arc to 
the radius, or radius produced, passing through the other 
extremity of the arc. 

Thus, sin. BAG or sin. B G= GE. 

The trigonometric tangent oi an angle (or its sub- 
tending arc), is the part of the geometric tangent at one 
extremity of the arc, terminated by the point of con- 
tact and the produced radius passing through the other 
extremity of the arc. 

Thus, tan. BAG or tBxi.B G= B H. 

The 8ec(mt of an angle (or its subtending arc), is the 
part of the produced radius between the centre and the 
tangent. 

Thus, sec. 5 J. G or sec. B G=A H. 

The eosine, cotangent, and cosecant of an angle, (or 
its subtending arc), are the sine, tangent, and secant, 
respectively, of the complement of the angle or arc. 

Thus : COS. BAG, or cos. B G= sin. GA D 

= WL.GB==.GF\ 

cotan. B AG or cot. B G= tan. GA B = tan. GB 

= BG; 

cosec. BAG or cosec. B (7= sec. GA B = sec. GD 

=A0. 
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The versed sine of an angle (or arc) is the distance 
between the foot of the sine (drawn from one extemity 
of the arc) and the other extremity of the arc, measured 
on the radius, or radius produced. 

Thus, versin. B A Cy or versin. JS C^=BE, 
It is evident from the figure that the sines and co- 
sines of all angles not 0, or not multiples of a right 
angle, are less than the radius, that is, less than 1 (1 
standing for the unit of length) (Euc. 15, III. Ch. 3, II.). 

By bisecting the arc of the quadrant B 2?, and draw- 
ing tangents, it can be shown that a tangent may be 
less than radius, equal to radius, or greater than radius ; 
that is, less than 1, equal to 1, or greater than 1 (Euc. 5 
and 6, 1. Ch. 27 and 28, 1.). 

It is also evident from the figure, that the secants 
of all angles not 0, or not equal to two or to four 
right angles, are greater than radius, that is, greater 
than 1. 

At 0° the sine is 0, the tangent is 0, the secant 1, 
and the cosine 1. 

At 90° the sine is 1, the tangent oo, the secant oo, 
and the cosine 0. 

97. Lines from ahone^ perpendicular upon AB^ or 
A B produced are positive / and lines from helow^ per- 
pendicular to AB are negative. 

Perpendicular lines proceeding from AD^ot AD 
produced, to the right are positive^ while those proceed- 
ing to the left are negative. 

Also, the radius and lines measured on the radius 
or radius produced, measured from the centre to or 
through one extremity of the arc are positive.; but lines 
measured on the radius produced through the centre in 
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the opposite direction from the extremity of the a/rc are 
negative. 

Thus, all the Hues representing the trigonometric 
functions of an acute angle are positive. 

Of the lines representing the trigonometric func- 
tions of an obtuse angle, the sine and cosecant are posi- 
tive ; but the cosine, tangent, cotangent, and secant are 
negative. 

That is, (in the right-hand figure, page 105), (7^ and 
A G are positive \ AE^ BH^ D G^ and A H are nega- 
tive. 

If (in the left-hand figure) we have an angle, BAM 
(salient), greater than two right angles : 

its sine MN^ cosine A N^ secant A J?, and cosecant 
A G are negative ; but the tangent B H and cotangent 
D G are positive. 

If (in the right-hand figure) we have a salient angle, 
B A Jf, greater than three right angles : 

its sine JlfiT, tangent B H^ cotangent D G^ and 
cosecant A G are negative ; but the cosine A JV and 
secant A ZTare positive. 

The versed sine in all cases is positive. 

The results of this article will, on comparison, be seen to agree with 
the results of Art. 88. 

98. From the similar triangles BAH and EA G 
{see figure on page 105), 

BH : GEwBA : AE{s>tCF)\ 

^ ^ ^- BAXOE . ,. ,, 
therefore, B R= jfj^^ ; or, denotmg the angle 

BA (7by il, and the radius by R^ tan. A = '— ; 

cos. ^ 
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-^ . . Bin. -4 

but, as -S = 1. tan. A = r. 

COS. A 

In a similar manner AH i AG :: AB : AE) 

R^ 1 

therefore AH = sec. A = r = 7. 

COS. A COS. A 

From similar triangles, A CEsmd AGDj 

AG : AG:: AD : AF{= GE)\ 

B^ 1 

therefore, AG •=■ cosec. A = — 7 = -: 7. 

sm. A sm. A 

In a similar manner : — 

DG : FG :: AD : AF{= GF); 

_ _ -^ . B cos. -4 COS. ^ 

therefore, D G = cot. ^ = — : 7- = -; r- 

sm. ^ sm. A 

Again, from similar triangles, AD G and AB U^ 
DG : AB :: DA : BH\ 

B^ 1 

therefore, D G =: cot. A = ■; = . 

tan. A tan. A 

These results have already been obtained by the 
method of ratios (Art. 64). 

99. In Arts. 14 and 15 we have obtained the tri- 
gonometric functions of an angle of 30® and of 45® 
respectively. By means of the solution of Example 19 
at the end of Chapter YII., we can find the trigono- 
metric functions of an angle of 18°. By Art. 75 we 
can then obtain, from these functions, the functions of 
an angle of 15®, 22^®, and 9® ; and then the functions 
of an angle of T 30', 11° 15', 4° 30' ; and then the func- 
tions of the halves of these angles, and so on. Also by 
means of Arts. 67, 68, and 72, we can obtain the func- 
tions of the sums and differences of the angles thus 
found. 
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By these methods, however, we can ascertain the 
trigonometric functions of only a part of the angles of 
the first quadrant. 

By the method given in outline in .the following 
article, we can ascertain the trigonometric functions of 
any angle of the quadrant. 

100. Outline of a method 
of constructing tables of trigon- 
ometrio functions of angles of 
tKejwst quadrcmt. 

Let .^ be a small acute 
angle ; CA D its triangle of reference. 

From J. as a centre with a radius A C describe the 
arc CEy intersecting the sides of the angle in O and JE. 
li B A G were one of a number of equal angles at 
the centre of a circle, CD would be half the sid^ of a 
regular polygon inscribed in the circle. By increasing 
the number of sides of the polygon, that is, by decreas- 
ing the size of the angle at the centre, CD would very 
nearly equal the arc CE {Ch, 14, V.). Consequently, 

O D 

if the angle A were small enough, ——would approxi- 

G E G D 

mately equal — j. But -p^—. = sin. A (1), (Art. 4), and 

GE 

-z^ = the circular measure of A (Art. 80) ; therefore, 

of a very small angle the sine approximately eguals the 
circular measure. 

In the construction of trigonometric tables, the angle 
A is taken as very small, and the sine of the angle is 
taken as equal to its circular measure. The angle is 
sometimes taken as V and sometimes as 10^. 
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Suppose, then, A equal 1', and that its sine is taken 
as equal to its circular measure ; then : 
Sin. V = .00029089 ; 

Cos. V=V1- sin.' 1^ = V (1 + Bin. IQ (1 >- sin, f ) 

= 4^1.00029089 x .99970911 = .999999957. 

Kow by equations {a) and (c) of Art. 69, 

Sin. (x + y) = 2 sin.a? cos.y —• sin.(aj — y). 

Cos. (x+ y) = 2 cos.a? cos.y — cos.(aj — y). 

In these equations let y = 1', and let x be in succes- 
sion 1', 2', 3', etc., and we shall have for the sines 

(1) Sin.2' = 2sin.l'cos.r; 

(2) Sin.3' = 2 sin. 2'cos. 1' - sin.l' ; 

(3) Sin.l' = 2 sin.3' cos.l' — 6in.2', etc. ; 
and for the cosines 

(4) Co8.2' = 2 cos.'l' - 1 ; 

(5) Cos.3' = 2 C0S.2' cos.l' — cos.l' ; 

(6) Cos.4' = 2 cos.3' cos.l' — cos.2' ; etc. 

By substituting in equation (1) for sin. 1', its value, 
and for cos. 1' its value, we obtain sin. 2' ; then, by sub- 
stitution of values in (2) we obtain sin. 3' ; and so on. 

By substituting in equation (4) for cos. 1' its value, 
we obtain cos. 2' ; and then by substitution of values in 
(5) we obtain cos. 3' ; and so on. 

Thus, starting with the sine and the cosine of 1', we 
find the sine and cosine of 2', of 3', of 4', etc. 

The tangents, cotangents, secants, and cosecants are 

derived from the sines and cosines by means of the 

equations of Art. 64. 

__ ^, sin. 2' ^, 1 

Thus, tan. 2 = -, : sec. 2 = — , ; etc. 

' COS. 2' ' COS. 2' ' 

It is not necessary to obtain the functions of all the 
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angles of the quadrant by the above method. For in- 
Btance, suppose we have obtained the functions of an- 
gles up to 45°, at intervals of 1'. Then, denoting by x 
the excess of any angle over 45^, we have — 

sin. (45^ + ») = COS. (45^ - x) ; 

COS. (45° + x) = sin. (45° - x) ; 

tan. (45° + a?) = cot. (45° — x) (Art. 5) ; 
since 45° + « is the complement of 45° — a?. 

Let the angle, whoso functions are required, be 47"* 85'. Then 

X = 2° 86', and 

sm. 47" 86' = cos. 42° 25' ; 

COS. 47** 86' = sm. 42" 25' ; 

tan. 47" 86' = cot. 42" 25;' etc. 
The right-hand members of these equations are supposed to be al- 
ready obtained. Therefore we shall know their equals, sin. 47° 85', etc. 

The results obtained by the methods of Art. 99 
may also be used to test the accuracy of the work by 
the method of this article. 



THE END. 
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rience of the author, and his happy faculty of imparting instruction to 
the young, aided by suggestions from our best teachers, have been 
brought to bear, to produce a clear, comprehensive, philosophical^ and 
practical system. 

The series is thorough, logically arranged, well graded, supplied 
with a great variety of examples, and teaches the methods actually used 
by business men. 

It has met with a most gratifying reception from teachers every- 
where, and is exactly what is needed for mental discipline, as well as 
for a practical preparation for commercial life. 

D. APPLETON & CO., Publishers, 549 & 551 Broadway, N. Y. 
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STANDARD TEXT-BOOKS OF SCIENCE. 

PUBLISHED BY 

D. APPIETON & CO., New York. 



PKICB. 

Atkinson's Ganot's Physios $8 00 

Bain's KEental Scienoe 1 60 

Bain's KEoral, Scienoe 1 60 

Desohaners Katnral Philosophy. Inonevol 6 70 

Part I. Ueohanios, HydroBtatios, and Pkietunatios 1 60 

Part H. Heat 1 60 

Part in. Electricity and Mafimetism 1 60 

Part IV. Sound and Liffht 1 60 

Huxley and Youmans's Phyaiolonr 1 60 

Cominflr's Glass-Book of Physiology. 1 60 

liockyer's Astronomy 1 60 

Nicholson's Geology. 1 30 

Nicholson's Zodlogy 1 60 

SCorse's Pirst Book of Zo5logy 1 10 

Lyell's Geology, avols. 8 00 

doackenbos's Natural Philosophy. 1 60 

Science Primers. 

Physios 46 

Chemistry 46 

Geology 46 

Astronomy 46 

Physiology. 45 

Toumans's New Chemistry 160 

Toumans's (Miss) First Book of Botany 85 

Toumans's (KEiss) Second Book of Botany 1 30 

Henslow's Botanical Charts (Miss Youmans) 1&76 



Descriptive Catalogues mailed^ free, on application. 



D. APPLETON & CO.'S 

School and College Text-Books. 



Arnold's Fibst Greek Book. 12mo |1 10 

Arnold's Greek Prose Composition. 12mo 1 30 

Arnold's Second Greek Prose Composition. 12mo 1 30 

Arnold's Greek Readino-Book. Edited by Spencer. 12mo, ... 1 30 

Boise's Exercise in Greek Prose Composition. 12mo 1 30 

Boise's Notes on the First Three Books of the Anabasis of 

Xenophon. 12mo 1 SO 

Boise's Xenophon's Anabasis. With Notes, and Kiepert's Map. 

12mo 1 '70 

Champlin's Short and Comprehensive Greek Grammar. 12mo. 1 10 

Hadley's New Greek Grammar. 12mo 1 ^70 

Hadley's Elements of Greek Grammar. 12mo. Half bound... 1 30 

Hadley's Greek Verbs. 12mo. Paper cover. .• 26 

Hahn's Greek Testament. Notes by Robinson. 12mo 1 70 

Harknbss's First Greek Book. With a Greek Reader. • 12mo. . 1 70 

Hendbick's Greek Ollendorff. 12mo 1 60 

Herodotus. With Notes by Prof. Johnson. 12mo 1 30 

Euhner's Greek Grammar. By Edwards and Taylor. New im- 
proved edition. 12mo 1 70 

Liddell and Scott's Greek-English Lexicon Abridged. Care- 
fully revised. Square 12mo. Half bound 2 60 

Novum Testamentum GRiECE, e Cod. Vaticano. 8vo Cloth, 4 00 

Sheep, 4 60 

Owen's Xenophon's Anabasis. New and enlarged edition. With 
numerous References to Kuhner's, Crosby's, and Hadley's 
Grammars. 12mo 1 70 



D, Appleton <k CoM School and CcUege lext-Booka, 

* _ , , , 

Owen's Homer's Iliad. 12mo $1 70 

Owen's Greek Reader. 12ino 1 *jo 

Owen's Acts of the Apostles. With a Lexicon. 12mo 1 60 

Owen's Homer's Odyssey. Tenth edition. 12mo 1 70 

Owen's Thucydides. With Map. 12mo 2 20 

Owen's Xenophon's Cyrop-«dia. Eighth edition. 12mo 2 20 

Plato's Apology and Crito. With English Notes. By L. Ty- 
ler, Professor of Greek m Amherst College. 12mo 1 80 

Plutarch on the Delay of the Deity in Punishing the Wicked. 
Revised edition. With Notes. By Prof. H. B. Hackett 
and W. S. Tyler. 12mo 1 30 

Silber's Progressite Lessons in Greek. With Notes and fre- 
quent References to the Grammars of Sophocles, Hadley, 
and Crosby ; also, with a Vocabulary and Epitome of Greek 
Grammar, for the Use of Beginners. 12mo 1 10 

Smead's First, Second, and Third Philippics of Demosthenes. 
With Historical Introductions, and Critical and Explanatory 
Notes. New and enlarged edition. 12mo. Half bound. . 1 80 

Smead's Antigone of Sophocles. With Notes. 12mo 1 50 

Sophocles's (Edipus Tyrannus. With English Notes. By How- 
ard Crosby. 12mo I 30 

Whiton's First Lessons in Greek. The Beginner's Companion- 
Book to Hadley's Grammar. 12mo. . . : 1 30 

Xenophon's Memorabilia. Notes by Bobbins. New revised edi- 
tion. 12mo ' 1 "^O 



STORIES FROM HOMER, 

By the Rev. Alfred J. Chxtrch. M. A. With 24 Colored Illustrations from Flaxman's 
Designs. 1 vol., 12mo. Cloth, 807 pages, $2.00. 
"These 'Stories' will, I hope, represent Homer not nn&ithAiIly to readers, old and 
young, who do not know him In the original; may, perhaps, commend him to some of 
the younger sort who, having made acquaintance with him, do not find this acquaint- 
ance tend to loy^.'''' ^Extract from Pr^ace, 

D. APPLETON & CO., 649 & 661 Broadway, New York. 



D. Appleton & Co.'b School and College Text-Books. 



HAKKHESS'S 8EKIE8 OF LATH TEXT-BOOKS. 



X. 

First Latin Book. l2mo $1 80 

n. 

Second Latin Book and Reader. 12mo, 262 pages, 1 10 

- XXL 

Introductory Latin Book. 12mo 1 10 

IV. 

Latin Reader. 12mo 1 lo 

V. 

Ne^v Latin Reader 1 10 

VI. 

Latin Reader. With Exerclsee. 1 vol., 12mo 1 80 

vn. 

Elementary Latin Grammar. 12mo 1 10 

vm. 

New Latin Grammar. Revised edition. Embracing 

Important Results of Recent Philological Research. 12mo. . . 1 30 

iz. 

Introduction to Latin Prose Composition.. . . 1 30 

z. 

Caesar's Commentaries. l2mo l so 

XI. 

Cicero. l2mo 1 30 

zn. 
Cicero. 12mo. With Dictionary 1 60 

This series has received the tmqualified oommendation of many of the most emi- 
nent classical professors and teachers In our country, and is already in nse in eveiy 
State in the Union, and, indeed, in nearly all onr leading classical institutions of ev^y 
grade, both of school and college. Each volume has been received with a degree of 
enthusiasm unsurpassed in our experience with text-books. We ask the attention of 
teachers to these works, in the conviction that they ftimish a better course of element- 
ary classical instruetioa than can elsewhere be found in our language. 

2>. AFFLETON <ft CO^ 649 & 651 Broadway y New York, 



■ D. APPLETON & CO.'S 

SCHOOL AND COLLEGE TEXT-BOOKS. 

GEBMAN. 

ABLER 8 Progressive German Header, 12mo $1 30 

ABLER 8 Hand-Book of German Literature, 12mo 1 80 

ABLER 8 Abridged German-and-English and Enfflish-and- Ger- 
man BicHonary, 840 pages. 12mo 2 25 

ABLER 8 German-and- English and English-and- German Biction- 
ary. Compiled from the best authorities. Large octavo. 
Half morocco 4 50 

AEN'^8 German Grammar, 1 vol.,* 12mo 86 

BRYAN' 8 Praktische Englische Grammatik, 12mo 1 10 

EICHHORN' 8 Practical German Grammar, 12mo 1 80 

HEYBENREWH'8 Elementary German Reader. With a full 

Vocabulary. 1 vol., 12mo 86 

KROEH {Charles F., A.M.), The First German Reader, 1 

vol., 12mo. Boards 85 

MASTERY 8ERJE8— German, 12mo 46 

0EffL8CHLAEGER 8 Pronouncing German Reader. 12mo.. 1 10 

OLLENBORFF'8 New Method of Learning German. Edited 

by G. J. Adleb. 12rao 1 10 

OLLENBORFF'8 Key to do 86 

OLLENBORFF'8 New (Grammar for Germans to Learn the 

English Language. By P. Gands. 12mo 1 30 

OLLENBORFF'8 Key to do, 12mo 85 

ROEMERS Polyglot Reader {in German). Translated by Dr. 

SoLOEB. 1 vol., 12mo 1 80 

R0EMER8 Key to same, in English 1 30 

8CHULTE. Elementary German Course. By Adam E. Schulte. 

1 vol, 12mo. Half bound 86 

WRAGE'S Practical German Grammar, 12mo 1 30 

WRAGE'8 Key to same, 12mo 85 

WRAGE'8 Lehrhuch der Englischen Sprache, For Germans to 

Learn English. 12mo 1 80 

WRAGE & MONFANTPS Method of Learning Spanish, on 

Ollendorff 's System, For Germans to Learn Spanish. 12mo, 1 30 

WRA GE'S Key to same 86 

WRA GE'8 German Primer 85 

WRAGE'S First German Reader 45 

D. APPLETON & CO., B49 & 551 Broadway, New York. 



CET THJE BEST, 



DICTIONARIES OF MODERN LANGUAGES. 



FRENCH. 

JEWETTSBpiera^s French Dictlonaiy. Sva Halfbound (formerly $S.60).$3 CO 

School edition. 12mo. Half bound (formerly $2.50) 2 00 

MASSON*S Compendioas French-English and English-French Dictionary. 
With Etymologies in the French part; Chronological and Historical 
Tables, and a List of the Principal Diverging Derivations. One 16mo 
YoU of 416 pages. New, clear type. Half bound 2 00 

MEADOWB'S French-English and English-French Dictionary. Bevised 
and enlarged edition. 1 vol., ISmo 2 00 

BPIEBS dE BUBENNE'S Complete French-and-English and Engllsh-and- 
French Dictionary, with Pronunciation, etc. One large 8yo yol, of 
l,490pages. Half morocco (formerly $6.00) 5 00 

Standard Pronouncing Dictionary of the French and English Lan- 
guages. (School edition.) Containing 978 pp. 12mo. New and large type 2 50 

SITBENNE'S French-and-English Dictionary. 16mo. 568 pp 1 25 

GERMAN. 

ADLKB^S German-and-English and Ensllsh-and-German Dictionary. Com- 
piled from the best authorities. Large 8yo. Half morocco (formerly 
|6.00) 5 00 

— — — Abridged Oerman-and-English and English-and-German Dictionary. 
840page8. 12mo 2 50 

ITALIAN. 

HEADOWS'S Italian-English Dictionary. 16mo. Half bound 2 00 

The same. A new revised edition. Half bound 2 60 

MILLHOTJSE'S New English-and-Italian Pronouncing and Explanatory 
Dictionary. Second ^ition, revised and improved. Two thick vols., 
smallSvo. Half bound 6 00 

SPANISH. 

MEADOWS'S Spanish-English and English-Spanish Dictionary. 18mo. 
Half roan 2 50 

VELASQUEZ'S Spanish Pronouncing Dictionary. Spanish-English and 
English-Spanish. Large 8vo vol., 1,800 pages. Neat type, fine paper, 
and strong binding in half morocco. .- 6 Of 

Abridged edition of the above. Neat 12mo vol. 88S pages. Half 

bound 2 52 

27. APPLRTON &* CO., 549 &> 551 Broadivay^ iV. F. 
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Utentare Prinent 

' EacUsh GrtHiar. By Dr. R. Morris. 

Enslisb Literature. By Rey. Stopford Brooke. 

Litiin Lltemtire* By Rev. Dr. F. W. Farrar. 

PhUotosy- ^y J- Peile, M. A. 

Greek Lltentare. By R. C. Jebb, M. A. 

Bible Primer. By George Grove, Esq. 

Claaslcal £eogrtphy. By H. F. Tozer, M. A. 

Shtkspere. By Edward Dowden, LL. D. 

Stadles iu Bryant. By Joseph Alden, LL. D. 
Loekyer'8 Eiementiry Lessons In AstronMiy. 

Astronomy. {Science Primer.) 

Blircet's (Mrs.) Miry's Gmnnar. 

Hirkhim's School History of England. 

IHirsh's Single Entry Book-Keeping, and Blank-Books for 

ditto. 
Uonkle Entry Book-Keeping, and Blank-Books for 

ditto. 
- Bink-Book-Keeping and Joint-Stock Aeconnts. 



HeriTole's General History of Rome. 

Model Copy-Books, in Six Numbers. With Sliding Copies. 

Horse's First Book in Zoology. 

HnlUgan's Strnctnre of the English Langnage. 

HanseiPs Psychology. 

Nicholson's Text-Book of Zoology. 

Text-Book of Geology. 

. Biology. 

Otls's Drawing-Book of Landscape. 
— ■ — Drawing-Book of Animals. 
Qnackenbos's Priapiry Arithmetic 

Elementary Arithmetic 

— ' — Practical Arithmetic 

Key to ditto. 

Mental Arithmetic 

Higher Arithmetic 

— — Key to ditto. 

First Lessons in English Composition. 

AdTanced Course of Composition and Rhetoric 

Elementary History of the United States. With Haps. 

New American History. 

History of the United States for Schools. 

Primary Grammar, of the English Langnage. 

English Grammar. 12mo. 
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